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Exponential functions are an integral component of the secondary mathematics 
curriculum with which students struggle. Inherent difficulties students have had around 
the topic of exponential functions suggested a need for thinking about and examining the 
teaching and learning related to this content. This study presented the mathematical ideas 
made possible to learn during instruction related to exponential functions in two College 
Algebra courses offered at the high school level. Using the variation theory of learning 
(VTL) as an analytic lens along with thematic analysis, instructional themes, purposes, 
overarching ideas, and sub-ideas were identified within and compared across two 
teachers. The cases provided examples of what was made possible to learn around 
exponential functions in everyday mathematics classrooms, which has implications for 
research and practice related to the quality of mathematics being offered to students. 
Additionally, the usefulness of VTL when analyzing instruction presents opportunities 
for integration with current observation protocols to strengthen the link between teacher 
quality and student achievement suggested VTL might be beneficial for supporting the 
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Exponential functions are an integral component of the secondary mathematics 
curriculum (National Governors Association Center for Best Practices & Council of 
Chief State School Officers, 2010) and were listed as an important mathematical topic for 
14 of 18 STEM fields by the Committee on the Undergraduate Program in Mathematics 
(Ganter & Barker, 2004). Researchers have documented continual student struggle with 
concepts under the umbrella of exponential functions (Alagic & Palenz, 2006; Ellis et al., 
2015, 2016; Weber, 2002). Furthermore, test results reported by the National Center for 
Educational Statistics (cited in O’Bryan, 2018) suggested “U.S. students are not 
developing useful and lasting meanings for growth patterns and percent change typically 
associated with exponential functions” (p. 5). Given the inherent student difficulties with 
exponential functions and exponential growth in particular, there is a need for thinking 
about and examining the teaching and learning of exponential functions.  
Researchers have suggested ways of understanding aspects of exponential 
functions that speak to the core of what it means to grow in an exponential way. 
Specifically, researchers have described robust ways of thinking about an exponential 
rate of change (e.g., Thompson, 2008; Thompson & Carlson, 2017) and have suggested 
that establishing a recursive understanding is foundational to be able to reason about 
exponential growth (Confrey & Smith, 1994; Ström, 2008). Building from these 
foundational ideas, researchers have conducted teaching experiments with various levels 
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of success (e.g., Ellis et al., 2015, 2016; O’Bryan, 2018). One notable outcome from Ellis 
and colleagues (2015, 2016) suggested students in middle school were capable of 
understanding exponential growth in rich ways when involved in a teaching experiment.  
The ways of understanding exponential functions suggested in the literature are 
not typically found in everyday mathematics classrooms (Castillo-Garsow, 2010). 
Furthermore, researchers implicitly suggested the understandings about exponential 
functions students had the opportunity to take up during instruction were insufficient for 
establishing powerful ways of conceptualizing exponential functions (e.g., O’Bryan, 
2018; Thompson, 2008). However, researchers have yet to describe or characterize ideas 
related to exponential functions that students do have an opportunity to learn during 
everyday secondary mathematics instruction beyond describing the affordances and 
constraints of curriculum (Thompson & Carlson, 2017). The purpose of this study was to 
describe from an observer’s perspective the mathematics made possible to learn during 
instruction around exponential functions. This study generated foundational work in 
developing a practical way to describe or characterize through observation mathematical 
ideas students had an opportunity to learn in everyday secondary mathematics 
classrooms. 
Researchers have made a call for further investigation of the link between a 
teacher’s knowledge of exponential functions and student learning of exponential 
functions (Davis, 2009; Ström, 2008). One way to conceptualize the link is by 
considering the opportunities to learn provided in the classroom. An opportunity to learn 
has been defined in a multitude of ways (Elliott, 2015; Tate, 2005); however “specific 
mathematics content is the defining element of an educational opportunity in 
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mathematics” (Schmidt & Maier, 2009, p. 556). Thus, the mathematics made possible to 
learn during instruction can be thought of as akin to the mathematics of an opportunity to 
learn situated in the classroom. Synonymous to each other, the mathematics made 
possible to learn and the mathematics students had the opportunity to learn are used 
interchangeably. 
Observing Instruction for the Mathematics  
Made Possible to Learn 
 
Mathematics education researchers have designed a plethora of observation 
protocols to document and attend to aspects of mathematics instruction. Most of these 
observation tools focus on teaching practices with varying degrees of content specificity 
(Charalambous & Praetorius, 2018). Although observation protocols like the 
Mathematical Quality of Instruction (Learning Mathematics for Teaching Project, 2011), 
M-Scan (Walkowiak et al., 2014), and Instructional Quality Assessment Mathematics 
Toolkit (Junker et al., 2005) attended to instructional quality specific to mathematics, 
they lacked a mechanism for extracting what was made possible to learn in the 
classroom. In other words, the aforementioned protocols attended to the actions of the 
teacher or the conditions of the classroom that structured how the mathematics was 
discussed instead of focusing on what mathematics was discussed.  
Two observation tools, the Focusing Framework (Lobato et al., 2012) and the 
Mathematical Discourse of Instruction (Adler & Ronda, 2015), incorporated ways of 
viewing instruction for the mathematics made possible to learn. However, both of the 
frameworks were limited in their capacity for describing the mathematical ideas that 
emerged from observation (discussed further in Chapter II), which compelled the need 
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for a way of identifying and discussing what was made possible to learn during 
instruction in general and for exponential functions in particular. 
Variation Theory of Learning 
Describing what was made possible to learn from an observational perspective 
requires a view of learning that facilitates a capacity to observe potential learning. 
Developed by Ference Marton (2015) over the course of several decades, the variation 
theory of learning (VTL) grew from empirical work within the classroom. The VTL 
positions learning as experiencing the world through noticing differences among cases 
that are similar in nature, i.e., the learning of something depends on what the learner 
notices or can notice given the presence of variation and invariance, which Marton called 
the object of learning (OL). An OL in the context of school learning is fundamentally 
content-based. The VTL offers a way of identifying and describing what was made 
possible to learn during instruction from an observational perspective (see Chapter II).  
As such, adopting a VTL lens was promising for this work. 
Summary of Dissertation Purpose 
The purpose of this multi-case study was to describe the mathematical ideas made 
possible to learn during secondary mathematics instruction around exponential functions 
and articulate the similarities and differences in those ideas from two different 
classrooms. The study was guided by the following research questions: 
Q1 What mathematics was made possible to learn around exponential 
functions during instruction in two high school classrooms? 
 
Q2 What are similarities and differences in the mathematics made possible to 




The first research question framed the individual case analysis while the second 
research question framed the cross-case analysis, which is consistent with multi-case 
study analysis (Stake, 2006). The mathematics made possible to learn during each 
teachers’ instruction were presented as ideas framed as learning goals (Smith et al., 2017) 
and were meant to capture what any student in the classroom could come away knowing.  
Since all students were not privy to what happened within small-group or individual 
interactions with the teacher, I delimited the instruction for consideration to be the 
enacted examples or tasks, actions, and verbal communication all students had the 


















The work of describing ideas about exponential functions to which students are 
exposed in the classroom requires a way of observing classroom instruction for the 
content that is made possible to learn. The VTL provided a perspective on learning that 
was amenable for observational use and provided a lexicon for describing the content 
made possible to learn during instruction. Through the lens of VTL, an observer well 
versed in the conceptualizations of exponential functions could work to describe the ideas 
about exponential functions students might come away knowing from instruction.  
Researchers have suggested powerful ways of conceptualizing ideas related to 
exponential functions (e.g., Confrey & Smith, 1994; Ström, 2008; Thompson, 2008; 
Thompson & Carlson, 2017). However, little is known about what understandings 
secondary students encounter in everyday mathematics classrooms.  Ellis et al. (2015, 
2016) conducted two teaching experiments and developed the exponential growth 
learning trajectory (EGLT), which attends to mathematical ideas specific to exponential 
growth. Some ways of understanding promoted by the EGLT were associated with the 
mathematics made possible to learn identified and described within this study.  
Observing and Describing the  
Mathematics of Instruction 
Mathematics education researchers have created observation protocols and 
frameworks to capture and describe aspects of teaching and learning in the classroom. 
Historically, researchers have used observation protocols as tools for documenting 
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whether a teacher has taken up specific teaching practices or has enacted desired 
components from a professional development session (Boston et al., 2015). More 
recently, however, the purpose of observation protocols has broadened to include 
capturing instructional quality, albeit at different subject-specificity levels (Charalambous 
& Praetorius, 2018).  
Protocols like the Mathematical Quality of Instruction (Learning Mathematics for 
Teaching Project, 2011) and the M-Scan (Walkowiak et al., 2014), two popular 
observation tools, focus on mathematics-specific teaching practices such as connecting 
representations, considering multiple solution strategies, and using precise language, 
which have been shown to influence student learning. Other scholars have developed the 
TRU Math protocol to attend to all aspects of classrooms with the intent of using the tool 
to facilitate teachers’ understanding of robust classrooms (Baldinger & Louie, 2014).  
These protocols and others like them have shown great promise in linking instructional 
quality with student achievement (Praetorius & Charalambous, 2018). Yet, their focus 
was on characterizing the instructional quality by attending to the actions or conditions of 
teaching and rather than on describing the content that emerged from the teaching. 
However, two notable frameworks emphasized the observation of mathematics content: 
the Focusing Framework (Lobato et al., 2012) and the Mathematics Discourse in 
Instruction (Adler & Ronda, 2015).  
The Focusing Framework 
 
The Focusing Framework (Lobato et al., 2012) is a research tool for classroom 
observation and purports a distributed cognition perspective (Goodwin, 1994). Lobato et 
al. (2013) developed the framework with the assumption that learning in the classroom is 
8 
 
restricted by what students notice. Proper use of the framework required task-based 
interviews with each student to inform what the researchers should attend to during 
previously recorded classroom instruction. While watching instruction, a researcher then 
inferred what students noticed based on verbal reports, gestures, written inscriptions, and 
how they interacted with their surrounding environment. By combining the mathematical 
understanding students displayed during the interviews and to what the students attended 
during instruction, the researcher made a mapping of what was made possible for each 
student to learn.  
While the Focusing Framework (Lobato et al., 2012) provided a way for 
extracting what was made possible to learn from classroom instruction, the approach had 
two drawbacks. First, the process required interviews with students and in-depth tracings 
of individual students’ noticings within a classroom. This process would be vastly time 
consuming for classrooms with large numbers of students. Second, the framework relied 
on what learning students exhibited during interviews to describe the mathematical ideas 
made possible to learn. This was problematic because it dismissed the possibility that an 
opportunity to learn might be present during instruction even if a student did not take 
advantage of the opportunity. In other words, what learning students exhibited might only 
be a subset of what was made possible to learn.  
Mathematics Discourse  
in Instruction  
 
The Mathematics Discourse in Instruction (MDI) is a framework developed by 
Adler and Ronda (2015) to describe the mathematics present in the discourse in South 
African classrooms. They adopted a theoretical framing that drew from a broadly 
sociocultural, Vygotskian lens and their empirical experience analyzing classroom 
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discourse. The MDI uses an object of learning as the lens through which to examine the 
discourse of instruction. An object of learning is a mathematical object, idea, or skill that 
can be learned (Marton & Pang, 2006).  A researcher using the MDI then categorizes the 
discourse related to the object of learning as exemplification or explanatory talk (Adler & 
Ronda, 2015) and describes the discourse in those categories in a way that explains how 
actions in the classroom potentially bring to light the object of learning for the students.  
While the categories served to describe the mechanisms for bringing the object of 
learning into focus for the students, it was not clear how to decide what it was about the 
categorized discourse that brought the object of learning into focus for students and made 
it possible to learn. In particular, the underlying sociocultural learning theory that was the 
basis for the MDI (Adler & Ronda, 2015) required a focus on the interactions and 
characteristics of the classroom that supported student learning rather than on describing 
what content was made available to learn. By requiring an inference of what was made 
possible to learn during instruction and then categorizing the discourse in relation to the 
object of learning, the MDI purported a focus on how the object of learning was made 
possible to learn rather than on what about the object of learning was made possible to 
learn. Therefore, although this framework focused on describing instruction from a 
content perspective, Adler and Ronda (2015) did not put forth a rigorous and consistent 
way of identifying and deciding what content was made possible to learn. 
The Focusing Framework (Lobato et al., 2012) and the MDI (Adler & Ronda, 
2015) offered ways for discussing the mathematics made available to learn in the 
classroom. Although these two tools did not precisely fit the needs of this work, their 
presence offered proof that descriptions of practice focused on content were relevant and 
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needed within the educational mathematics field; they made it clear that further 
investigations into a way of describing the mathematical content that was made possible 
to learn during instruction was needed. Given these tools did not fit the needs of this 
research since their focus was not on describing the mathematical content via 
observation, neither tool was taken up for this work. 
The Variation Theory of Learning 
The Swedish tradition of the VTL, as opposed to the Chinese tradition (Gu et al., 
2004), provided a way for describing content that had the potential to be learned during 
classroom instruction. The theory presents a conception of learning rooted in the act of 
noticing. The VTL assumes learning must always have an object of that learning 
(Runesson, 2005). Furthermore, VTL offers language and a way of identifying what 
could be learned in the classroom from an observer’s standpoint. These characteristics 
uniquely situated VTL as both a theory of learning and as a tool for thinking about and 






List of Variation Theory of Learning Terms 
 
Term Definition 
Object of learning (OL) Answer to the question: what is to be learned? The OL can 
be an objective, idea, or topic 
  
Enacted object of learning (EOL) The object of learning from an observer’s perspective as 
seen in the instances, verbal communication and actions of 
the teacher and students 
 
Aspect (Dimension of Variation) Key characteristics of an object of learning that must be 
discerned to give meaning to the OL 
  
Feature (Value in a Dimension) Key characteristic of an aspect. Related to the aspect in a 
similar fashion as the aspect’s relation to the OL 
  
Focus aspect Aspect that is intended to be discerned 
  
Types of variation  
Contrast Focus aspect varies while other aspects remain invariant 
 
Generalization Focus aspect is invariant while other aspects vary 
  
Fusion All aspects are simultaneously varied 
  
Repetition No aspects vary 
  
Instances A mathematical task, example, or illustration 
  
Cases A collection of instances 
  
Variation structures  
Combining The combining of instances to create variation and 
invariance through comparing and contrasting the different 
cases 
  
Shifting Systematic variation and invariance across instances. Can 
happen as a pedagogical shift – focusing attention on one 
aspect and then another 
  
Transforming Transforming one instance into another. Common in 






Ontology and Epistemology 
 
The VTL arose as the result of an empirical study of school learning (Marton, 
2015; Marton & Häggström, 2017; Marton & Pang, 2006) and stemmed from a 
phenomenographic field of study. The VTL relies on the assumption that students, and 
people in general, come to know information through a change in their perception of the 
world. The VTL espouses a non-dualistic, ontological assumption that “[t]here is not a 
real world ‘out there’ and a subjective world ‘in here.’ The world [as experienced] is not 
constructed by the learner, nor is it imposed upon her; it is constituted as an internal 
relation between them” (Marton & Booth, p. 13, cited in Åkerlind, 2012). In other words, 
VTL does not presume there is a single ‘true’ world. Rather, the world as people see it is 
unique based on what characteristics an individual is able to distinguish. Learning is then 
the result of coming to see more details of the world through comparing the differences 
between and among similar cases or instances or seeing differences against a background 
of sameness. The more details a person has discerned with respect to a particular object 
or concept, the more meaning that person is able to assign to that object or concept.  
Thus, knowledge is gained when someone discerns details and assigns meaning, and 
knowledge itself is a person’s perception of the world. Proof of the knowledge comes 
from being able to recognize and utilize that meaning in other similar situations. 
What Is to Be Learned? 
 
Marton (2015), the founder of the Swedish tradition of the variation theory of 
learning, claimed there are two ways in which learning occurs: as a by-product or as an 
aim. Learning in the VTL tradition is the discernment of aspects of the world. Learning 
as a by-product is learning that occurs through participation in the world, and the learning 
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that occurs is not the immediate purpose of the participation but rather a by-product of it. 
Learning as an aim, however, occurs when a person seeks to draw attention and cause 
someone (either themselves or others) to notice particular aspects of the world. Although 
classroom learning can happen as either a by-product or as an aim and the two are very 
much intertwined, VTL is primarily concerned with learning as an aim (Marton, 2015).  
Object of Learning 
The VTL (Marton, 2015) stipulates that learning as an aim must be the 
discernment of something. The something to be learned in a classroom is called the object 
of learning (OL). An OL can take many forms but is usually conceptualized as an 
objective (e.g., students will be able to graph an exponential function), a topic (e.g., 





 as 𝑛 → ∞); it 
is related to the content of instruction (Marton, 2015; Marton & Pang, 2006). A single 
lesson might have multiple objects of learning.  
The VTL (Marton, 2015) introduces three different ways to perceive an OL: the 
intended object of learning, the enacted object of learning, and the lived object of 
learning. These three terms acknowledge that what the teacher intended for students to 
learn, what was made possible to learn during instruction, and what students actually 
learned and took away might all be different from each other. The three distinctions of an 
OL also represent three different perspectives with respect to the OL: the intended object 
of learning is taken from the teacher’s perspective and purpose, the enacted object of 
learning is defined through the eyes of an observer watching the classroom interactions, 
and the lived object of learning is what a student comes away from class knowing and is 
unique to the individual (Marton, 2015). The distinctions of the OL allow for the 
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supposition that an observer could identify and describe the mathematics that was made 
possible to learn in the classroom. The enacted object of learning (EOL) was of primary 
concern for this work because what was made possible to learn during instruction was 
constructed from an observer’s perspective. 
Beyond simply giving a name to the object of learning, VTL (Marton, 2015) 
characterizes what makes up an object of learning and how an observer could begin 
identifying the OL from instruction by attending to the variation and invariance present in 
instruction. 
Aspects and Features 
An object of learning is made up of a collection of aspects, which might also be 
referred to as dimensions of variation (DoV). The aspects encompass key characteristics 
of an object of learning such that when discerned allow an individual to give meaning to 
the OL. Aspects contain features, which are the values in a dimension. Presenting two or 
more features of an aspect opens the aspect and makes it visible for a learner. Features 
are the different constituents of the overarching aspect and define an aspect in the same 
way an aspect defined an OL. Discerning the various features gives meaning to the aspect 
and, in turn, the OL. The relationship between an object of learning, aspects, and features 
is nested (see Figure 1) and is a core idea within VTL (Marton, 2015; see Table 2 for a 
short list of terms). Attending to the aspects and their features of an object of learning 













Some Variation Theory of Learning Vocabulary Terms 
 
Term Definition 
Object of Learning (OL) It is the answer to the question: what is to 
be learned. Can be a topic or objective.  
  
Aspects/Dimensions of Variation Key characteristics of an object of learning 
that a learner must discern to make meaning 
of the OL. 
  
Features/Values in a Dimension Key characteristics of an aspect/dimension 
of variation. The relationship between 
aspects and features is similar to the 




Marton (2015) posited that although there is a finite number of aspects associated 
with a particular OL, it is nearly impossible for a single individual to identify them all. 
However, it is still possible to assign meaning to the OL by discerning a subset of those 
aspects. Marton called this subset necessary aspects or necessary features. The necessary 
aspects or features a learner has yet to discern are critical, which are different for each 
individual because of the previous experiences each person has encountered. The 





discernment of the critical aspects and features allows the student to make meaning of the 
object of learning. 
The Color Green 
The following example has been adapted from Marton (2015) and is an 
oversimplification of the meaning of the color green. It is presented as a way to grapple 
with the vocabulary and structure of VTL.  
Suppose the intended object of learning, or what the teacher wants students to 
learn, is to assign meaning to the color green (i.e., learn what the color green is). While 
there are additional considerations regarding the aspects and their features that make up 
the OL, at the core, learning what the color green is requires someone to differentiate 
green from other colors (Marton, 2015). Since that distinction must be made before one 
can begin noticing whether something is the color green, color is an aspect of the object 
of learning—the color green. The aspect color, in turn, contains colors such as blue, 
green, and red. These different colors are the features of the aspect color (see Figure 2). 
By presenting the learner with the color green and at least one other color, the dimension 
of variation, color, is opened, and green is given meaning through the way in which it 
differs from the other features in the dimension (Marton, 2015, p. 47). Once the learner 
has discerned green from the other colors, they can then begin to notice something is 




Figure 2. Relationship among object of learning, aspect, and features for the color green. 
  
 
It is important to note that the classification of the aspects and their features were 
in relation to what was to be learned or the OL. Thus, a feature in one instance might be 
an aspect in another based strictly on what the OL is. While Figure 2 above depicted 
aspects and features as pieces that made up the whole of the object of learning, if we 
consider the objects of learning, aspects, and features without the intention of what is to 
be learned, the relationship between those components could become jumbled. In other 
words, it is possible that when considering the relationship between the aspect and the 
OL apart from the context of discerning the OL, the relationship between the aspect and 
the OL could be different. This is portrayed in the color green example—color is a 
defining characteristic of being green, and thus when learning about the color green, 
“color” becomes an aspect. However, green is also a type of a color. So, when taken out 
of the context of the object of learning, the aspect “color” and the color green hold a 
reverse relationship. This was one limitation to imagining the relationships between the 
OL, the aspects, and the features in the ways depicted in Figures 1 and 2. However, I 
found this arrangement helpful when working to describe objects of learning and their 
critical and necessary aspects and their features. In addition, the organization of those 
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figures reminds the observer of how the aspects and their features are associated within a 
particular object of learning. 
How an Object of Learning  
is Discerned 
 
Variation and invariance among an OL’s aspects or among features create 
opportunities for students to learn and give meaning to the OL by encouraging students to 
notice and attend to the similarities and differences among aspects and their features. 
Marton (2015) proposed a process through which learners could most effectively discern 
aspects of the object of learning: separation of the necessary aspects followed by fusion 
of those same aspects. Separation requires the various aspects to be distinguished from 
each other while fusion puts them back together by establishing the relationships between 
them. Separation and fusion were seen implicitly in the above example for the color 
green and are discussed below explicitly.  
The separation of the aspects of an OL allows for a learner to see the OL in terms 
of the aspects that define it. The process of separation is most advantageous if it is done 
one aspect at a time (Pang & Marton, 2013). Two necessary conditions allow for the 









 Focus Aspect Other Aspects 
Contrast Variant Invariant 
Generalization Invariant Variant 
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To distinguish between these two conditions, I outlined the process of how to 
separate one aspect, called the aspect of focus (or focus aspect), from others. To begin 
separating the aspect of focus, a student must ascertain what the aspect of focus is and is 
not via a contrast. Contrast occurs when the focus aspect varies and other aspects remain 
invariant. In the color green example above, this equated to presenting the learner with 
three of the same identical objects colored differently: a green circle, a blue circle, and a 
red circle (see Figure 3). This comparison drew attention to the main aspect that differed, 
the color, thereby allowing the learner to grapple with just the aspect of color. This 
situation opened the aspect of color for the OL but additional guidance, such as a teacher 
telling the students the left circle is green, would be needed before a learner could see the 
color green in novel situations. In this case, one aspect, shape, remained invariant while 
another aspect, color, varied.  Since the focus was on color, a contrast was created. 
 
 
Figure 3. Contrast for the color green. 
 
 
Note the structuring of the learning experience introduced the aspect of shape. 
Thus, shape is now an aspect of the object of learning because one must distinguish color 
from shape in order to give meaning to the color green. Since what the learner has the 
opportunity to learn now is when a shape is the color green, the object of learning could 
be reframed in this manner. The reframing emphasized that two aspects were associated 
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with the object of learning—shape and color. This addition of another aspect was 
intentional to help portray the process of separation since without multiple aspects, one 
could not separate one aspect from another. Once the learner has discerned that the left 
circle is green while the other circles are not green, they can progress to generalization.  
During generalization, the focus aspect remains invariant while other aspects 
vary. Generalization could be thought of as a further refinement of the focus aspect in a 
variety of different cases and, as mentioned previously, must follow contrast in order for 
separation to occur. In other words, the student must be able to see the focused aspect, 
which is what contrast allows to happen, before the student can begin refining the details 
in a way that separates the focused aspect from other aspects. Consider the green example 
once more. After the contrast above and being told that the left circle is green, the learner 
should recognize that the left shape is green but the other shapes are not green. However, 
the learner might not have experience recognizing that green is a separate construct from 
circle or shape since the situation in which they noticed green only included colored 
circles. Therefore, they must separate the aspect of color from the aspect of shape via 
generalization. The VTL (Marton, 2015) posits this happens through keeping the focus 
aspect (color) invariant while varying other aspects, e.g., shape. Since the learner is 
already familiar with the association between green and a circle, the presentation of 
multiple different green shapes would allow for the learner to begin separating the aspect 




Figure 4. Generalization for the color green. 
 
 
The above highlighted single instances of contrast and generalization. However, it 
might be necessary to have multiple instances of contrast and/or generalization to create 
separation of the two aspects. Once the aspects of the object of learning were separated, 
the learner could see the aspects as separate entities and begin to hold them in their 
awareness simultaneously with one another. In other words, they could distinguish the 
aspect of color from the aspect of shape.  
After separating the aspects, the learner must bring them back together again 
through fusion. Fusion happens through “simultaneous variation in all relevant 
aspects,…and it defines the relation between the two (or more) aspects” (Marton, 2015, 
p. 51). In the case of the color green example, shape and color were independent since 
variation in one aspect did not influence variation in the other. Thus, fusion could occur 
through the presentation of variation in color and shape (see Figure 5) and emphasize the 
independent relationship between color and shape. The realization of this relationship 






Figure 5. Fusion for color and shape aspects. 
 
 
In the above paragraphs, there were three types of variation: (a) contrast occurred 
when the aspect of focus varied and other aspects remained invariant; (b) generalization 
happened when the aspect of focus was invariant and other aspects varied; and (c) fusion 
was the simultaneous variation among all relevant aspects of the object of learning. A 
fourth classification not mentioned above called repetition is also important. Repetition 
stipulates the absence of variation. In the case of repetition, all aspects remain invariant. 
Repetition becomes important when describing patterns of variation across time in a 
classroom. These four types of variation (see Table 4) serve as the building blocks for 




Types of Variation 
 
 Focus Aspect Other Aspects 
Contrast Variant Invariant 
Generalization Invariant Variant 
Fusion Variant Variant 







The four types of variation mentioned above can be seen in patterns of variation 
(Marton, 2015).  To observe patterns of variation in a classroom setting, one must assume 
it is possible for someone to structure experiences and direct attention to accentuate or 
make visible the presence of variation. The experiences can take many forms, e.g., 
explicit teacher direction or scaffolded problems on a worksheet, and can incorporate any 
ordering in the types of variation described above. In other words, the order of the types 
of variation is independent of the pattern of variation or the way the variation was 
brought about. Given that the words pattern and ordering could be used as synonyms 
when discussing the way in which the types of variation occur, the term variation 
structures was used in place of what Marton (2015) called patterns of variation. 
Variation structures created publicly, e.g. during instruction, are visible by an 
observer.  Marton (2015) suggested three main ways variation structures are created in 
the classroom: (a) through the combining and sequencing of mathematical tasks across 
time, (b) the shifting of the focus of a learner’s attention from one aspect to another, and 
(c) through the transformation of aspects (p. 166). For easier reference, the three different 
variation structures were referenced as (a) combining and sequencing of tasks, (b) the 
shifting of focused attention, and (c) the transformation of aspects of the object of 
learning, respectively. Although they were considered separately here, the complexity of 
classroom interactions might result in overlap and intermingling of the structures in 
unforeseeable ways. These categories were simply meant as a way for the me to locate 
areas of instruction that potentially contained variation and invariance. 
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The three variation structures rely on the identification of instances and cases 
within classroom instruction. An instance is a mathematical task, an example, or an 
illustration while a case is a collection or grouping of instances, typically of the same 
type. The distinction between instances and cases is important in the defining of the three 
variation structures.  
 
 
Figure 6. Grouping together of cases (adapted from Watson, 2017). 
 
Combining 
The combining of instances, or “what is lumped together with what” (Marton, 
2015, p. 166), creates a pattern of variation and invariance for the learner. Instances can 
be combined and compared to showcase different types of variation. The following set of 
examples is pictured on the left of Figure 6. Grouping together these instances into cases 
produces four cases according to operation and resultant. Cases 1 and 2 deal with 
multiplication and a resultant greater than or less than or equal to 100, respectively; cases 
3 and 4 involve division with a resultant greater than or less than or equal to 100, 
respectively.  
 
Case 1 Case 3 Case 4 Case 2 
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This combining of instances into cases allows for variation and invariance to be 
created at a larger grain size. Suppose a teacher decides to focus on cases 1 and 2 in order 
to get students to assign meaning to the relationship between the multiplicand and 
resultant—if the multiplicand is larger than 1, the resultant is larger than 100 and if the 
multiplicand is less than or equal to 1, the resultant is less than or equal to 100. The 
grouping of these two cases essentially keeps the relationship within the cases as 
invariant and varies the relationship between the cases. In other words, the value relation 
of the multiplicand is invariant within each case while the relation varies between cases. 
This creates a contrast to highlight the variance between the two cases.  
Shifting 
Shifting arises through a systematic pattern of variation and invariance across 
instances. The instances themselves can be the same or different. In other words, a single 
instance could be revisited multiple times through different lenses or different instances 
could be examined for the same aspect. The most documented occurrences of shifting 
occurred when a teacher or researcher continually revisited the same instance or task 
while asking students to focus on one aspect at a time during each visitation (e.g., Kwan 
et al., 2002; Marton et al., 2005). In other words, for each repetition of the instance, the 
teacher asked students to attend to a different aspect of the object of learning. A 
mathematical example is when a teacher or students read and re-read a single 
mathematical problem or text, each time focusing on different components of the 






The third and final way to establish a pattern of variation is through 
transformation of one instance into another through explicit change. This type of pattern 
occurs frequently in an algebra course since common practice is to manipulate 
expressions and begin to see things that seem different on the surface as the same, i.e., 
when a teacher factors the expression 3𝑥 + 6𝑥2 to get to the expression 3𝑥(1 + 2𝑥).  
This creates a contrast in which the value of the expression remains invariant but the 
visual representation changed. This manipulation conserves the equality of expression but 
varies the form, creating a contrast and allowing for the learner to begin discerning the 
different expressions as equivalent. 
Although these three patterns can be distinguished from each other, they are often 
nested in their use and difficult to parse, particularly in a complex learning environment 
like a classroom. The naming and describing of these structures are meant to draw one’s 
attention to potential spaces for learning and as such what is made possible to learn 
through variation in the classroom (Marton, 2015). Identifying these patterns during 
classroom enactment provides insight into the enacted objects of learning that emerge 
from the interactions among teachers, students, and content. Below, I offer a classroom 
example. 
A Classroom Example 
The three patterns of variation—shifting, combining, and transforming—are 
visible to an observer during instruction. In the following vignette of Evelyn’s 
instruction, it is important to note that although her instruction illustrated patterns of 
variation, she did not base her instructional planning on VTL (Marton, 2015).  
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Evelyn previously gave her students three different exponential contexts, one at a 
time, for which they generated equations. After class discussions about each context, 
Evelyn put summaries of the contexts and their algebraic representations side by side on 
the board (see Figure 7).  
 
 
Figure 7. Portrayal of contexts and equations for the three tasks given by Evelyn. 
 
 
Evelyn asked students to think about how they might explain the creation of the 
algebraic equation from each given context. After a few minutes of student work time, 
Evelyn facilitated conversation around what each of the values meant in relation to the 
context. For example, for the Social Media task (pictured in the middle in Figure 7), a 
student linked the starting value of 3.2 million with the 3.2 in the equation, the idea of 
tripling with the 3 in the base, and each year after 2005, or the time period, with the 
exponent of 𝑥 − 2005. Other students volunteered their interpretations for the other 





Figure 8. Highlighting and labeling the components of an exponential function. 
 
 
Following the labeling of the values in the equations, Evelyn wrote the equation 
𝑦 = 𝑎𝑏𝑥 on the board. She then asked students to label each of the variables:  𝑎, 𝑏, 𝑥, and 
𝑦. Evelyn recorded their thoughts on the board, labeling 𝑎 as “starting value,” 𝑏 as “what 
you are multiplying by each time period” and “base,” 𝑥 as “time period,” and 𝑦 as “total 
amount of stuff.” Evelyn labeled the equation as the general form of an exponential 
function. 
Two of the three patterns could be seen in the vignette above. First, this entire 
segment of teaching was an example of the combining of instances. Evelyn lumped 
together three contexts whose algebraic representations had the same or at least a mostly 
similar form. She used those forms to establish a generalized form for exponential 
functions, 𝑦 = 𝑎𝑏𝑥. A transformation of instances was exemplified when looking at how 
Evelyn facilitated discussion around the relationship between the contexts and the 
equations. Each context was transformed into an equation through an explicit linking of 
the written language with the numerical representation in the equations.  
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The shifting pattern was not evident in the above vignette. A shifting pattern 
occurs while operating within a single instance (i.e., mathematical task) such that one 
aspect is brought into focus at a time. Since Evelyn had combined several instances, it 
was unlikely a shifting pattern would have surfaced within that instance. If Evelyn had 
summarized the equation 𝑦 = 𝑎𝑏𝑥 by focusing students’ attention on the 𝑎 parameter, 
then the 𝑏 parameter, and finally the exponent and discussed how each of the components 
related to the equation structure, a shifting pattern might have arisen.  
Summary of Variation Theory of  
Learning Contributions 
 
The VTL (Marton, 2015) as a learning perspective is amenable for observation of 
the mathematics made possible to learn in the classroom. Marton (2015) was careful not 
to suggest that an enacted object of learning produces an equivocal lived object of 
learning in students. Rather, an enacted object of learning is the object of learning as seen 
through an observer’s eyes while a lived object of learning is what students actually 
learn. When a researcher observes classroom interactions, they work to describe the 
enacted object of learning or the mathematics made possible to learn during instruction.  
Beyond positioning potential learning as observable, VTL (Marton, 2015) 
introduces a lexicon for describing the mathematics of an opportunity to learn from an 
observer’s perspective. In particular, the hierarchy of an object of learning, aspects, and 
features along with the types, structures, and sequencing of variation provides a 
foundation for discussing the mathematics of instruction.  
Exponential Functions 
Reasoning about exponential functions and their properties is an important 
component in secondary education policy (National Governors Association Center for 
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Best Practices & Council of Chief State School Officers, 2010). Common core standards 
related to exponential functions span grade levels and courses as well as the modeling 
strand. Below is a selection of the standards: 
CCSS.MATH.CONTENT.8.EE.A.1 Know and apply the properties of integer 
exponents to generate equivalent numerical expressions. For example, 








CCSS.MATH.CONTENT.HSF.LE. A.1.A Prove that linear functions grow by 
equal differences over equal intervals, and that exponential functions grow by 
equal factors over equal intervals. 
CCSS.MATH.CONTENT.HSF.LE. A.2 Construct linear and exponential 
functions, including arithmetic and geometric sequences, given a graph, a 
description of a relationship, or two input-output pairs (include reading these from 
a table). 
CCSS.MATH.CONTENT.HSF.LE. A.3 Observe using graphs and tables that a 
quantity increasing exponentially eventually exceeds a quantity increasing 
linearly, quadratically, or (more generally) as a polynomial function (National 
Governors Association Center for Best Practices & Council of Chief State School 
Officers, 2010). 
Additionally, the modeling of exponential functions is relevant for preparing students to 
enter into multiple, professional disciplines (Dilts & Salem, 2004).    
Exponential function researchers have proposed foundational ways of thinking 
about ideas related to exponential functions. Researchers have identified covariation as 
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integral for a deep understanding of exponential functions (Confrey & Smith, 1995; 
Thompson, 2008). Building on their work, other scholars have investigated students’ 
(Castillo-Garsow, 2010; Ellis et al., 2015, 2016; Weber, 2002) and a teacher’s (Ström, 
2008) ways of thinking about exponential functions. Of particular interest was a student 
learning trajectory around exponential growth created by Ellis et al. ( 2015, 2016). Ellis 
et al. (2015, 2016) developed a learning trajectory with exponential growth. Developed 
and refined over the course of two teaching experiments with eighth graders, the 
trajectory included rich ways of conceptualizing exponential growth.  
Exponential Growth Learning  
Trajectory 
 
Ellis et al. (2013, 2015, 2016) conducted two teaching experiments around 
exponential growth (Ellis et al., 2013, 2015, 2016). A product of their work was the 
exponential growth learning trajectory (EGLT; Ellis et al., 2016). The EGLT (see Figure 
9) portrays the progression of students’ conceptions and ways of reasoning with 
particular aspects of exponential growth as they worked through a variety of different 
tasks. The EGLT was developed and modified in conjunction with the two teaching 
experiments and thus was closely tied to the tasks and experiences that fostered the 
students’ conceptions. It has three main stages: (a) prefunctional reasoning, (b) 
covariation view, and (c) correspondence view. The three stages each have associated 









In the prefunctional reasoning stage, students might display three component 
understandings (see Table 5). Students first exhibit a qualitative understanding of 
exponential growth, such as it gets bigger and bigger over time. Through experience with 
particular prompts, students begin to conceptualize exponential growth as repeated 
multiplication but commonly do not associate the multiplication of the y-values with the 
corresponding x-values. In the final stage of prefunctional reasoning, students begin to 







Component Understanding Definition 
Qualitative Understanding Students understand that y-values grow larger at an 
increasing rate over time, but the manner of increase is 
unquantified 
  
Repeated Multiplication Students understand that repeated multiplication 
determines how height (y) grows without attending to 
time (x). 
  
Growth Factor Magnitude Students understand that the magnitude of the growth 
factor determines how growth occurs 
Note. Adapted from Ellis et al. (2016). 
 
Covariational View 
Covariational reasoning is a way of reasoning about quantities that change 
together simultaneously. In functional relationships, this means coordinating change in 𝑦 
with a corresponding change in 𝑥 (Confrey, 1994). For exponential functions, this 
requires coordinating a multiplicative change in 𝑦 with an additive change in 𝑥. Within 
the covariation stage of the EGLT, nine components are divided into two categories: 
early covariational reasoning (Cov1-3) and sophisticated covariational reasoning (Cov4-
9).  
Early Covariational Reasoning Stage. Students in the early covariational 
reasoning stage move from implicit to explicit coordination between x and y values (see 
Table 6). First, they would understand that the y-value grows by a constant multiplicative 
growth factor “each time” but would not specify what each time means (Cov1). Next, 
students begin to form explicit coordination between x and y for one-unit changes in x 
(Cov2), i.e., knowing to multiply by the growth factor 𝑏 for each one-unit growth of 𝑥. 
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Finally, students would be able to coordinate the change in y with multiple-unit changes 
in 𝑥 through repeated multiplication (Cov3). In other words, recognizing that to get from 





Early Covariational Reasoning 
  
Component Understanding Definition 
(Cov1) Implicit 
Coordination 
Students understand that the y-value grows by a constant 
multiplicative factor “each time” but the time values are 
not explicitly quantified 
  
(Cov2) Explicit 
Coordination for 1-unit 
changes 
Students can coordinate multiplicative growth in y with 
change in 𝑥 for Δ𝑥 = 1. If students achieve reversibility 
at this stage, it means they can take the ratio of two 
consecutive y-values (for Δ𝑥 = 1) in order to determine 




unit changes (repeated 
multiplication) 
Students can coordinate the change in y-values for 
multiple-unit changes in x-values, but their mental 
imagery is grounded in the actions of repeated 
multiplication. Achieving reversibility means students 
can determine growth factors by imagining the y-values 
repeatedly multiplying Δ𝑥 times.  
Note. Adapted from Ellis et al. (2016). 
 
Sophisticated Covariational Reasoning Stage. The first three component 
understandings within the sophisticated covariational reasoning stage are re-unitizing 
(Cov4), explicitly coordinating multiple-unit changes (Cov5), and determining new y-
values using the multiple-unit changes (Cov6). Students advance through the trajectory 
by first re-unitizing the growth factor. For example, when given a growth factor of three 
inches per week, students could re-unitize to a growth factor of nine inches every two 
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weeks. Closely following the re-unitization phase, students begin to work with multiple-
unit changes without relying on repeated multiplication and instead representing the 
operation as an exponential expression, i.e., instead of thinking of a multiple-unit change 
as repeatedly multiplying by 𝑏, students could imagine the multiple-unit change as 𝑏 to 
some power. Next, students would begin to utilize the re-unitization for the development 
of exponential expressions to get from one y-value to another without relying on the 
initial y-value. The last three component understandings are reversibility (Cov7), 
coordinating multiplicative change in y with any Δ𝑥 (Cov8), and constant change in 𝑥 
gives proportional multiplicative constant change in 𝑦 (Cov8; see Table 7). Students 
exhibiting Cov7 component understanding are able to determine a growth factor through 
the coordination of two y-values and the difference of the corresponding x-values.  
Advancing to the Cov8 stage requires students to coordinate x and y when Δ𝑥 < 1, which 
goes beyond coordination as seen in Cov5 and Cov6. Finally, in the last covariation stage 
(Cov9), students should realize for any 𝑦-value ratio, such as 
𝑦2
𝑦1
, will be 𝑏𝑥2−𝑥1 and does 







Sophisticated Covariational Reasoning 
 
Component Understanding Definition 
(Cov4) Re-unitizing Students create a new unit out of a multiple-unit change 




Unit Changes  
Coordination of the ratio of 𝑦-values for any Δ𝑥 > 1; 
students no longer rely on repeated multiplication 
imagery 
  
(Cov6) Coordination for 
Multiple-Unit Changes to 
Determine New 𝑦-values 
Students determine new height values through 
coordinating multiplicative change in 𝑦 with additive 
change in 𝑥; in particular, they no longer need to rely on 
the initial value but can instead determine 𝑦2 from any 
𝑦1 by multiplying 𝑦1 by 𝑏
𝑥2−𝑥1 for a growth factor 𝑏. 
  
(Cov7) Reversibility  Students can determine an unknown growth factor b by 
coordinating the ratio of two 𝑦-values, 𝑦2 and y1, with 
the corresponding difference in 𝑥-values, Δ𝑥, taking the 






Multiplicative Change in 
𝑦 with Additive Change in 
𝑥, any Δ𝑥 
Coordination of the ratio of y-values for any change in 
𝑥, including when Δ𝑥 < 1  
  
(Cov9) Constant Change in 
𝑥 Yields Proportional 
Multiplicative Constant 
Change in 𝑦 
Students understand that for any 𝛥x, the ratio of the two 
corresponding heights 𝑦2 to y1 will be 𝑏
𝑥2−𝑥1 and does 
not depend on the individual 𝑥1 or 𝑥2 values. 




A correspondence approach to functions portrays a function as associating one 𝑥 
to one 𝑦.  For example, a student operating with a correspondence view of the function 
𝑦 = 3𝑥 would see 81 (𝑦) as the result of taking 3 to the power of 4 (𝑥). A correspondence 
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view supports the typical function notation of 𝑦 = 𝑓(𝑥) (Confrey, 1994).  During the 
teaching experiments conducted by Ellis et al. (2015, 2016), students’ covariational and 
correspondence views developed simultaneously.  
During the correspondence stage (see Table 8), students were building notions of 
the function 𝑦 = 𝑎𝑏𝑥.  First, students were able to express repeated multiplication 
algebraically as 𝑦 = 𝑏𝑥 (Cor1). This was followed by the inclusion of an initial value, 𝑎, 
to the equation. At first, 𝑎 is a multiplicative constant (Cor2) and then becomes redefined 
as a starting value (Cor3). Next, students began to develop a sense of the role of the 
multiplier, 𝑏. During Cor4, students understood the effect of the growth factor on the 
long-term 𝑦-values and determined that for sufficiently large 𝑥-values, the 𝑦-value 
depended more on the growth factor than it did on the initial value. Finally, students 
understood the relation 𝑦 = 𝑎𝑏𝑥 could be used to determine an unknown 𝑦-value for any 








Component Understanding Definition 
(Cor1) Algebraic Representation of 
Repeated Multiplication 
Students express the repeated 
multiplication pattern for a growth factor 
𝑏 algebraically as 𝑦 = 𝑏𝑥 
  
(Cor2) Initial Height is a Multiplicative 
Constant 
Students view the initial height value (or 
the “a”) in 𝑦 = 𝑎𝑏𝑥) as the value 
magnifying the height at any given week 
by the constant “a”. Thus, the height value 
for any week 𝑘 is transformed to 𝑎 ⋅ 𝑘. 
  
(Cor3) Initial Height is the Starting Value Students view the initial height value “a” 
as the value at which the multiplying 
process began. 
  
(Cor4) Effect of Growth Factor Students understand that the growth factor 
has a greater effect on the plant’s ultimate 
height than the initial height, thus for 
sufficiently large 𝑥-values, the value of 𝑦 
depends more on the growth factor than 
on the initial height. 
  
(Cov5) Correspondence Relation, Whole 
Numbers 
Students understand that one can 
determine an unknown 𝑦-value for any 
given whole-number 𝑥-value according to 
the relation 𝑦 = 𝑎𝑏𝑥. 
  
(Cov6) Correspondence Relation, 
Fractions 
Students understand that one can 
determine an unknown y-value for any 
given 𝑥-value according to the relation 
𝑦 = 𝑎𝑏𝑥, including fractions and 
decimals. 




 Despite a plethora of observation protocols, few attended to the mathematics 
made possible to learn during instruction. As such, there was a need for an analytic lens 
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specific to the task of identifying what was made possible to learn. The VTL (Marton, 
2015) filled this need and provided a unique, observational lens and lexicon to 
accomplish the identification and description of the mathematics made possible to learn 
that surfaced during instruction. With a focus on exponential functions, this study used 
VTL as an analytic tool to answer the following two research questions:  
Q1 What mathematics was made possible to learn around exponential functions 
during instruction in two high school classrooms? 
 
Q2 What are similarities and differences in the mathematics made possible 









The purpose of this research was to identify and describe the mathematics made 
possible to learn during classroom instruction on exponential functions. The following 
research questions drove this study: 
Q1 What mathematics was made possible to learn around exponential 
functions during instruction in two high school classrooms? 
 
Q2 What are similarities and differences in the mathematics made possible to 
learn found among the two high school classrooms? 
 
Answering these research questions required qualitative methods. Denzin and 
Lincoln (2000) maintained qualitative research is a situated activity that positions the 
researcher as an interpreter of the naturalistic world. As such, I attended to my 
worldview, a research design, data collection and analysis procedures, and 
acknowledgement of the trustworthiness and rigor of the choice of qualitative 
methodology (Patton, 2002).  
Worldview 
For this study, I adopted an interpretivist worldview (Crotty, 1998; Schwandt, 
2000). An interpretivist worldview supposes that human action is inherently meaningful 
and to find and describe the meaning in an action “requires that one interpret in a 
particular way what the actors are doing” (Schwandt, 2000, p. 191). Using a VTL lens 
(Marton, 2015), I interpreted the actions and interactions of two teachers and their 
students during classroom instruction in order to formulate the mathematical ideas made 
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possible to learn during instruction. A VTL lens assumes students discern an object of 
learning when its aspects and their features are positioned in terms of differences against 
a background of sameness. Furthermore, VTL advocates that an observer can identify 
what students had an opportunity to learn by attending to the variation that surfaced 
during instruction.  
The adoption of VTL (Marton, 2015) as an analytic lens potentially limited what 
mathematical ideas I identified in this study. The variation and invariance of the content I 
noticed was bounded by my previous experiences as a mathematics teacher and teacher 
educator, mathematics education researcher, and mathematics student (described in my 
experience section). As such, the mathematical ideas identified and described were only a 
subset of what was made possible to learn (Marton, 2015) characterized from an 
observer’s perspective.  
Previous Experiences and Expertise 
My experiences as a mathematics teacher, mathematics education researcher, and 
mathematics student inherently shaped the way I observed and analyzed the data as well 
as the expertise in exponential functions I brought to bear during analysis. Although I 
monitored these perspectives in a research journal, there was no telling the true extent of 
their influence (Merriam, 2009). Documentation of my experiences served to provide the 
reader with insight to the experiences I brought to bear within the research process. 
While I have never taught at the primary or secondary levels, I have experienced 
teaching at the collegiate level. My perspectives of teaching have evolved over the years 
and I see the purpose of teaching, in a broad sense, as providing students opportunities to 
encounter mathematical ideas important for understanding the related components of the 
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curriculum or class objectives. When teaching preservice mathematics teachers, the 
purpose of teaching expanded to also include assisting preservice teachers to interpret and 
explain the mathematical ideas important for their students to understand. As a 
researcher, I have observed both video and live instruction. These experiences have 
encouraged me to view the classroom as a learning environment where students and 
teacher interact around mathematical content (Cohen et al., 2003). However, from 
observing pre-service secondary teachers, I recognized that the nature of those 
interactions might vary and surface as different opportunities for learning. As a 
mathematics student, I am a fervent learner. As a learner, I found myself seeking to 
understand the intricate relationships between various mathematical content. Thus, when 
viewing instruction, I focused on interactions in the classroom that were around the 
learning of mathematical content. 
I have extensive knowledge about the mathematical topic of exponential functions 
stemming from my undergraduate degree in mathematics, my master’s degree in 
mathematics with an emphasis in teaching, and from my work as a graduate research 
assistant. Most notably, during my tenure as a graduate research assistant, I investigated 
various aspects of the teaching of exponential functions. The work involved an extensive 
investigation into the literature related to exponential functions, analysis of mathematical 
tasks and problems related to exponential functions, designing specific tasks to align with 
desired learning goals related to exponential functions, and analysis of instruction around 
exponential functions. All of these experiences deepened and strengthened my 
understanding of exponential functions and attuned me to the rich ways of thinking about 
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exponential functions. As a result, moving into analysis, I was well positioned to identify 
and describe the mathematics made possible to learn related to exponential functions. 
Data  
For this study, I conducted secondary data analysis on a subset of classroom video 
data collected as part of a collaborative research project—Collaborative Research: 
Initiating a Foundational Research Model for Secondary Mathematical Knowledge for 
Teaching (INFORMS MKT)—supported by a grant from the National Science 
Foundation (Novak et al., 2015). Data from the INFORMS MKT project provided a rich 
data set from which to choose participants.  Upon approval from the University of 
Northern Colorado’s Institutional Review Board to conduct secondary data analysis, I 
selected classroom observations of two teachers, Evelyn and Gabe (see Appendix A). 
Researchers working on the INFORMS MKT project obtained human consent from all 
their participants including Evelyn and Gabe. As part of the initial consent, Evelyn and 
Gabe permitted their data to be used as a secondary data source. 
The Initiating a Foundational Research  
Model for Secondary Mathematical  
Knowledge for Teaching as a  
Project and a Data Source 
 
The purpose of the INFORMS MKT (Novak et al., 2015) project was to provide 
foundational research contributing to understanding secondary mathematics teachers 
enacted mathematical knowledge for teaching when teaching on the topic of exponential 
functions. Researchers on the project collected a variety of data including video 
recordings of classroom instruction, instructional artifacts (e.g., copies of documents 
given to students and copies of written inscriptions displayed during class), and 
interviews with the teachers.  
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The INFORMS MKT (Novak et al., 2015) research team aimed to capture a 
teacher’s natural process of planning, enacting, and reflecting on lessons involving 
exponential functions. Thus, during data collection, the researchers did not partake in the 
act of planning, enacting, or purposefully reflecting on the lesson with the teachers.  
Although it was impossible not to disrupt the teachers’ work in some ways, every effort 
was made to minimize the influence on each teacher’s thinking regarding the lessons they 
planned and enacted. Since the focus of the INFORMS MKT grant was on teachers’ 
enacted knowledge, during instruction, the researchers situated the camera to primarily 
capture the teacher and whole-class instruction rather than small group work or individual 
interactions with the teacher. The camera was mostly focused at the front of the 
classroom or the space the teacher occupied while facilitating whole-class discussion.  
The form of the classroom video collected by INFORMS MKT (Novak et al., 
2015) researchers fit with aspects of the classroom I wished to analyze. I wanted the 
documented mathematical ideas to capture what any (and potentially all) students could 
come away from class knowing. Since all students did not have access to what happened 
within every small group or individual interaction with the teacher but they did 
potentially have access to what was discussed as a whole class, only the mathematical 
ideas made available during whole-class instruction were analyzed. In other words, I only 
wanted to analyze portions of instruction where the students’ and teacher’s attention was 
primarily focused on one whole-group discussion. Since the INFORMS MKT classroom 
video data captured all the components of whole-group instruction, their data fit the needs 
of my study.   
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The INFORMS MKT (Novak et al., 2015) research team conducted a criterion 
sampling (Patton, 2002). Researchers selected expert teachers for this study by 
considering teachers’ reputations with peers and administrators as well as longevity of 
experience and degrees (Palmer et al., 2005). Researchers recruited and collected data 
from 17 teachers. Each participating teacher had taught mathematics for at least five 
years at the time of data collection and was teaching a course that addressed content 
related to exponential functions. 
The participating teachers were located at both rural and urban schools in the 
states of Colorado, Wyoming, and Oklahoma. Twelve of the 17 teachers were women 
and all of the teachers identified themselves as White; 15 of the teachers had master’s 
degrees related to mathematics or teaching at the time of the study. The teachers taught a 
wide range of classes at the high school level and interacted with students of varying 
mathematical backgrounds. The courses they taught included, but were not limited to, 
algebra I, algebra II, pre-calculus, discrete mathematics, College Algebra, IB math, and 
calculus. Only algebra I, algebra II, College Algebra, and pre-calculus classes were 
observed by INFORMS MKT (Novak et al., 2015) research team members. The 
researchers selected these courses because they were common high school courses with 
content related to exponential functions. The INFORMS MKT researchers recorded three 
to five lessons from each of the 17 teachers on the content domain of exponential 
functions. Given the content focus of the INFORMS MKT grant on exponential 





My Data Set 
 
Since the classroom video from the INFORMS MKT (Novak et al., 2015) project 
fit the needs of this study, I selected two teachers’ classroom videos for analysis: Evelyn 
and Gabe. Both teachers taught an optional dual credit course of College Algebra at high 
schools in different districts in the same state; the data for both teachers came from spring 
2017. An overview of the data sets for each teacher is provided in Table 9. 
Evelyn 
Evelyn’s data set contained four video recordings of her classroom instruction.  
Each lesson was approximately 75 minutes in length. However, approximately 25 
minutes of her third lesson and 60 minutes of her fourth lesson were spent on group 
work. The results of the group work were not discussed during whole-class instruction 
and therefore not analyzed in this study.  
Evelyn had taught high school mathematics for 21 years at the time data were 
collected. Evelyn had a master’s degree in mathematics, a Bachelor of Science degree in 
math and computer science, and a principal license. Courses Evelyn typically taught 
ranged from Algebraic Concepts to Calculus III and AP Calculus; she had taught courses 
at a college or university.  
Students in Evelyn’s College Algebra course were mostly juniors and seniors who 
had previously passed algebra II but tended not to be confident in their capabilities. She 
had some sophomores in her classes. Her College Algebra course was offered across fall 





Gabe’s data set contained three video recordings of his classroom instruction.  
The first and third lessons were approximately 50 minutes in length and bookended a 
much longer 90-minute lesson. The majority of the lessons were whole-class instruction.  
Gabe had taught high school mathematics for 24 years at the time data were 
collected. Gabe received his master’s degree in mathematics education and a Bachelor of 
Teaching degree in math and physical science education. Courses Gabe typically taught 
were algebra II, geometry, and College Algebra. 
Students in Gabe’s class came from varying mathematical backgrounds; some 
students were concurrently enrolled in calculus and others had not passed algebra II. 
Most of Gabe’s students were juniors or seniors with one sophomore. The College 





Overview of Teacher Data 
 




(across two semesters) 
College Algebra 
(within one semester) 
   
Number of 
Lessons 
4 Lessons  3 Lessons 
   
Teacher 
Description 
• Taught 21 years 
• Bachelor of Mathematics and 
Computer Science 
• Master’s degree in Mathematics 
• Principal Licensure 
• Taught 24 years 
• Bachelor of Teaching in 
Mathematics and Physical 
Sciences 
• Master’s degree in Math 
Education  
 
Student Range Sophomores-Seniors Sophomores-Seniors 
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It was important to note that I interacted with the classroom videos of these two as 
well as many other participants in the INFORMS MKT (Novak et al., 2015) project 
before beginning this study. As part of my position on the INFORMS MKT research 
team, I spent time watching videos of teachers’ instruction and attending to the emergent 
mathematical content, albeit through no particular observational lens. My exposure to 
Evelyn’s and Gabe’s classroom data increased my sensitivity to and understanding of the 
flow of their instruction, which was invaluable when identifying the focus of instruction 
and the variation in relation to that focus. I had not viewed classroom video data of these 
two teachers for at least a year and a half before beginning this study. I acknowledge the 
previous exposure might have influenced what I noticed and attended to; however, I saw 
the previous exposure as beneficial for generating more complete descriptions of what 
was made possible to learn in their classrooms. 
Research Design 
I employed a multiple case study research design (Creswell, 2013; Stake, 1995, 
2006). A multi-case study research design advocates the use of multiple representative 
cases for investigating a single phenomenon. Stake (1995, 2006) called the phenomenon 
of interest the quintain, which is “a target, but not a bull’s eye” (Stake, 2006, p. 6) and 
could be thought of as the condition to be studied or the purpose of the study. The 
quintain of this study was what was made possible to learn relative to exponential 
functions in secondary mathematics instruction.  
Stake (1995) distinguished between two types of case study research: intrinsic and 
instrumental. An intrinsic case study is interest in the case itself while an instrumental 
case study serves to gain a better understanding of the phenomenon and its inherent 
49 
 
relationships. Since a collective case study serves “to help us understand the phenomena 
or relationships within it” (Stake, 1995, p. 171), it is fundamentally instrumental. 
In a collective case study, two components lobby for attention—the individual 
cases and the quintain. “Researchers can design a study to give either proportionate or 
disproportionate attention to the quintain and individual cases” (Stake, 2006, p. 7); as 
such, there is no “right way” to conduct a collective case study. No matter the proportion 
divided between the individual cases and the quintain, a collected case study necessarily 
includes multiple single cases. Stake (2006) purported three criteria for selecting cases in 
a collective case study: (a) relevance to the quintain, (b) diversity across contexts, and (c) 
containing good opportunities for learning about the complexity and contexts.  
A set of teachers’ lessons made up a case in this study; the two cases met the three 
criteria above. The cases were grouped by teacher and contained mathematics instruction 
around exponential functions in high school classrooms. As such, they were directly 
relevant to the quintain. To provide diversity across high school contexts, I selected 
teachers from two different school districts who were teaching relatively similar courses 
from different curricula. The inclusion of multiple lessons from each teacher provided 
good opportunities to view the complexities and intricacies of each unique classroom and 
teaching experience, which contributed to the identification and mathematics made 
possible to learn within and across lessons.  
Data Analysis 
Data analysis occurred in three phases: (a) preparation of the data, (b) individual 




For multi-case study research, Stake (2006) recommended two stages of data 
analysis: (a) individual case study analysis, and (b) cross-case analysis. The two stages 
allowed for the individual cases to be considered independently before imagining how to 
utilize the cases to provide insight to the quintain. It is common for individual case study 
analysis and cross-case analysis to proceed with different but related research questions 
(Stake, 2006). As such, research question one (Q1) guided my investigation of the 
individual cases and research question two (Q2) focused my cross-case analysis. 
Throughout analysis of the instruction, I worked from both the video and transcripts, 
making edits to the transcripts to further ensure the utmost accuracy (Derry, 2007). Table 















Preparing the Data 
 
Before beginning the individual case analyses, I edited transcripts of all lessons 
for each teacher created as part of the INFORMS MKT project (Novak et al., 2015). The 
Phase # Phase 
1 Preparing the Data 
  
2 Individual Case Analysis 
Individual task analysis  
Purposes development 
Analysis of tasks grouped by purpose  
Theme development 
  





INFORMS MKT researchers generated raw transcripts for all classroom video recordings 
that included timestamps and delineation between when the teacher or a student spoke. I 
amended and added to these transcripts for analysis purposes. Specifically, I amended 
errors and clarified language when necessary and added instructions inscriptions (e.g., 
diagrams, pictures, and written work), communicative gestures (e.g., pointing), and 
pictures of tasks discussed during whole-class discussion even when they were not 
verbally read. I numbered utterances in chronological order according to a move, which 
was “the smallest building block” (Wells, 1996, p. 78) of the activity in the classroom 
and consisted of the actions of a single person at one point in a conversation (e.g., the 
verbiage, the gestures, and inscriptions created). I denoted teacher moves as “T” and 
student moves as “S.” The nature of the video data did not always allow for 
differentiation between student moves; however, this was unproblematic since my 
analysis did not require attending to individual student moves.  
After preparing the lesson transcripts, I segmented them according to 
mathematical tasks, which served as an episode (Wells, 1996). Doyle (1988) considered a 
mathematical task to be potentially composed of multiple parts including resources and 
materials that formed the bases of the mathematical work, the product or answer of that 
mathematical work, and the actions and operations that occurred to complete the work. I 
operationalized this definition by separating moments during instruction within which the 
teacher and/or the students were discussing a mathematical problem(s), e.g., example, 
exercise, and word problem as a class.  
Following the segmenting of a single lesson’s transcript, I wrote descriptions of 
what happened within and across tasks with particular attention on the mathematical 
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content. I drew upon my knowledge of exponential functions and exponential growth, in 
particular, to identify content. I included in the descriptions of the content references to 
the mathematical topic(s) discussed (e.g., writing an equation, converting between 
representations) and what I saw as the intended learning goal of each task and across 
similar tasks. The descriptions served to sensitize me to the data (Merriam, 2009). 
Individual Case Analysis 
 
Analysis of Evelyn’s and Gabe’s data followed the same four-stage trajectory: (a) 
individual task analysis, (b) purposes development, (c) analysis of tasks grouped by 
purpose, and (d) theme development. Analysis incorporated a combination of the tenets 
of VTL (Marton, 2015) and thematic analysis (Patton, 2002) to identify a theme, 
purposes, overarching ideas, and sub-ideas for each teacher. The themes aimed to capture 
a high-level picture of the ways in which the teacher encouraged the learning of the 
mathematics during instruction. The purposes demarcated an objective or topic relative to 
the grouping of tasks categorized under those purposes. Overarching ideas and sub-ideas 
articulated ideas akin to a either a performance or learning goal (Smith et al., 2017) that 
students could come away from class knowing. A performance goal described “a specific 
written or spoken performance students should demonstrate” (Smith et al., 2017, p. 17, 
italics added) while a learning goal focused on student learning or understandings of 
conceptual underpinnings or relationships between mathematical entities. 
I employed the VTL lens and thematic analysis for two different units of analysis. 
Specifically, I primarily used VTL to analyze instruction while I primarily used thematic 
analysis to analyze the ideas I generated using VTL. The analysis of the individual cases 
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began with VTL analysis of instruction but then incorporated thematic analysis to make 
sense of the ideas the VTL analysis surfaced. 
I used the language of VTL (Marton, 2015) to describe the steps within analysis 
where I used VTL. However, since I used a combination of thematic and VTL analysis to 
generate my results, I incorporated my own language to describe what was made possible 
to learn even though the overarching ideas and sub-ideas could be categorized as enacted 
objects of learning.  
Individual Task Analysis 
Individual task analysis is firmly rooted in the tenets of VTL and analyzes the 
individual teachers’ classroom instruction. One of the main assumptions of VTL is 
learning happens through experiencing differences against a background of sameness.  
Marton (2015) suggested these experiences could be created by the individual or could be 
structured by others for individuals to experience. Shifting, combining, and transforming 
are three ways of structuring instances to surface variation and invariance in the 
mathematics discussed to bring about learning (see Chapter II for more detail). Within the 
variation structures, types of variation such as contrast, generalization, fusion, or 
repetition can occur. Recall that the type of variation is dependent on the aspect of focus 
in relation to an object of learning as seen from an observer’s perspective.  
Individual case analysis began with sequencing the classroom transcript (Wells, 
1996) using the variation structures occurring within the enactment of each task. The 
variation structures inherently contained variation and invariance with respect to an 
object of learning, making the data more manageable and meaningful. Examining the 
whole-class instruction with respect to the identified variation structures revealed an 
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initial enacted object of learning for that task. The instruction of the entire task was then 
reanalyzed from the perspective of the associated enacted object of learning to identify 
the aspects of focus, variation types, and ultimately ideas made possible to learn for that 
task.  
Purposes Development 
   Examination of the enacted objects of learning and their associated ideas made 
possible to learn for each task allowed for the development of purposes. Using thematic 
analysis on both the identified enacted objects of learning and their associated ideas, tasks 
with similar enacted objects of learning were grouped together, surfacing a common 
intention of instruction across tasks. The common intention was reformulated into a 
purpose that highlighted an action and topic related to exponential functions.  
Analysis of Tasks Grouped  
by Purpose   
Once the tasks were grouped by purposes, thematic analysis of the individual 
tasks’ ideas revealed both overarching and sub-ideas for each respective purpose. The 
overarching ideas potentially surfaced from using both a VTL (Marton, 2015) lens and 
thematic analysis. The use of a VTL lens assisted in identifying variation across the 
instruction of the tasks grouped within the same purpose while thematic analysis 
illuminated the relationships among sub-ideas and how those sub-ideas combined or 
culminated to the overarching idea. Overarching ideas were a combination of their 
respective sub-ideas when each of the sub-ideas was directly represented within the 
description of the overarching idea. An overarching idea was a culmination of the 
respective sub-ideas when a progression of sub-ideas amounted to the understanding 
articulated within the overarching idea. 
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The sub-idea surfaced through thematic analysis of the ideas previously identified 
for each task. Since the ideas described within each task were highly contextual, thematic 
analysis served to populate more generic, semi-decontextualized sub-ideas that applied 
across tasks. 
Theme Development 
Thematic analysis employed across the purposes, overarching ideas, and sub-
ideas revealed an instructional theme for each teacher. The theme served as a way to 
bridge the instruction across purposes and situate the reader’s perspective for each case 
and the cross-case comparison. 
Cross-Case Analysis 
 
The cross-case comparison sought to answer the second research question. A 
thematic analysis occurring on two levels—global and local—revealed similarities and 
differences in what was made possible to learn across the two teachers. The global 
thematic analysis considered their instruction at a high level by examining the topics the 
teachers covered, the connections between the topics and the purposes, and the 
relationships between the sub-ideas and their respective overarching ideas. The local 
thematic analysis involved a comparison of both the overarching and sub-ideas within the 
topics unique to each teacher and common to both.  
Global Comparison 
A global comparison of what was made possible to learn across the instruction of 
Evelyn and Gabe involved three stages of thematic analysis. Looking across the two case 
reports, the first round of thematic analysis revealed that together, Evelyn and Gabe 
covered six broad exponential functions topics. A second round of thematic analysis 
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allowed for categorization of each of the 10 purposes into exactly one topic area. The 
third round of thematic analysis highlighted the similarities and differences in the 
relationships between the overarching ideas and the sub-ideas within each purpose.   
Local Comparison 
   The local comparison of what was made possible to learn involved examination of 
the overarching ideas and sub-ideas of the two teachers. To generate more manageable 
chunks of data, the overarching ideas and sub-ideas were divided into two groups. The 
first group contained ideas from topics unique to the individual teachers while the second 
group contained the ideas from the overlapping topics covered by both Evelyn and Gabe.  
Thematic analysis of the ideas within the first group provided insight into the 
development of the instructional themes identified for each teacher. For the ideas within 
the overlapping topics, thematic analysis revealed differences in the content of similar 
ideas as well as the variation types and patterns that gave rise to those ideas. 
Trustworthiness and Rigor 
Merriam (2009) identified credibility, consistency, and transferability as key 
characteristics of trustworthiness and rigor in qualitative research. Credibility is the 
extent that the observed data represented reality; consistency addresses how much the 
findings of the study paralleled the data; and transferability refers to the generalizability 
of the findings. The use of peer examination, an audit trail, and thick descriptions served 
to enhance the trustworthiness and rigor of this study.  
Peer Examination 
 
Peer examination required asking peers “to examine the data and to comment on 
the plausibility of the emerging findings” (Merriam, 1995, p. 55) and contributed to the 
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credibility of this study. This was a naturally occurring relationship between graduate 
student and research advisor. I discussed “the congruency of emerging findings with the 
raw data and tentative interpretations” (Merriam, 2009, p. 229) with both dissertation 
advisors throughout the analysis process.  
Audit Trail 
 
   As a way of ensuring consistency, I created an audit trail in the form of a research 
journal to record the methods I employed and decisions I made to move through data 
analysis. The audit trail served two purposes: (a) recording and reflecting on my 
processes and (b) providing the means for third-party examination to assess the degree of 
trustworthiness (Bowen, 2009). I kept both a hand-written journal and an organized 




To increase the transferability of a study, Merriam (2009) encouraged rich 
descriptions. I worked closely with my research advisors to establish rich descriptions of 
what was made possible to learn during instruction for both Evelyn and Gabe. The 
descriptions of how the purposes, overarching ideas, and sub-ideas that surfaced served to 














The individual cases and cross-case comparison of Evelyn and Gabe provided 
answers to the following research questions: 
Q1 What mathematics was made possible to learn around exponential 
functions during instruction in two high school classrooms? 
 
Q2 What are similarities and differences in the mathematics made possible to 
learn found between the two high school classrooms? 
 
The individual case results included descriptions of instructional themes, purposes, 
overarching ideas, and sub-ideas extracted from analysis of each teacher’s whole-class 
instruction. Analysis of Evelyn’s instruction showed five purposes and associated 
overarching ideas along with 16 sub-ideas while analysis of Gabe’s instruction surfaced 
five purposes and associated overarching ideas along with 20 sub-ideas. Descriptions of 
instruction can be found in Appendix B and Appendix C for Evelyn and Gabe, 
respectively. 
A cross-case analysis of the two cases found similarities and differences between 
the instruction of the two teachers on both global and local levels. The global level 
considered a comparison of the topics teachers explored and the emergence of their 
respective instructional themes. The local level comparison examined the ideas, both 
overarching and subordinate, the teachers made possible to learn with in-depth 
consideration of the differences in what was made possible to learn across similar ideas.  
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The Case of Evelyn 
Evelyn’s four days of recorded instruction on exponential functions surfaced five 
purposes and associated overarching ideas and 16 sub-ideas across the nine relevant tasks 
(see Table 11)1. Analysis indicated the instruction of the nine tasks worked toward five 
purposes with each task falling under a single purpose. Although each task was 
categorized under a single purpose, the ideas surfaced with respect to that task could be 




Overview of Evelyn’s Instruction 
 
   Day 1 Day 2 Day 3 Day 4 

























Idea E1                     
Idea E2                  
Idea E3                  
Idea E4                  





Idea E6                     





Idea E8                 
Idea E9                 
Idea E10                 





Idea E12                     
Idea E13                





Idea E15                     
Idea E16                     
 
 
1 Although Task E1 met the qualifications to be analyzed and surfaced meanings and ideas, the task was 
difficult to group with other tasks in regard to purposes. Therefore, the analysis is left out of the case. 
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Emergence of Instructional Themes 
 
Evelyn’s instruction across the four days of instruction included five purposes: 
1. Purpose E1: Writing an expression of the form 𝑎𝑏𝑥 from an exponential 
context with a growth factor, 
2. Purpose E2: Defining the parameters and the variables of the general 
equation 𝑦 = 𝑎𝑏𝑥, 
3. Purpose E3: Developing an equation of the form 𝑦 = 𝑎𝑏𝑥 for a context with 
percent change, 
4. Purpose E4: Defining the characteristics of an exponential function, and 
5. Purpose E5: Developing equations for tables and graphs using 
characteristics and the form 𝑦 = 𝑎𝑏𝑥. 
A broad examination of Evelyn’s instruction within the five purposes presented a theme: 
developing meaning of mathematical objects and then utilizing that meaning to make 
sense of problems. The developing meaning portion of the theme was especially evident 
during instruction related to Purpose E1 and Purpose E2. During that portion of 
instruction, Evelyn provided opportunities for her students to engage in three contexts 
with initial values and whole-number multiplicative growth as a way to assign meaning 
relative to the contexts explored to both the variables and parameters in the equation 𝑦 =
𝑎𝑏𝑥. The meanings of the variables and parameters were grounded in the contexts and 
were described in Purpose E2. Evelyn then utilized those meanings during instruction, 
contributing to Purpose E3 and Purpose E4. During Purpose E3, Evelyn used the variable 
and parameter meanings to write an equation from a context with percent change while 
instruction related to Purpose E4 utilized the meaning to establish common points, (0, 𝑎) 
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and (1, 𝑎𝑏), for all exponential equations. Furthermore, instruction during Purpose E4 
established meaning about the relationship between the aforementioned common points 
and the equation 𝑦 = 𝑎𝑏𝑥 that, coupled with the meanings of the components of the 
equation 𝑦 = 𝑎𝑏𝑥, was used during instruction of Purpose E5 to develop a strategy for 





In addition to seeing Evelyn’s theme across the purposes, Evelyn consistently 
provided opportunities for students to make sense of mathematics through ideas localized 
to each purpose. Table 12 depicts the purposes along with the overarching ideas and sub-
ideas made possible to learn with respect to that purpose.  
Figure 10. Relationships among Evelyn’s purposes. 
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Table 12 1 
 2 
Evelyn’s Purposes, Overarching Ideas, and Sub-Ideas 3 
 4 
Purpose Overarching Ideas Sub-Ideas 
Purpose E1: Writing 
an expression of the 
form 𝑎𝑏𝑥 from an 
exponential context 
with a growth 
factor. 
Idea EP1: Given an exponential growth context with an 
initial value and growth factor, we can create a table of 
values from which to write an expression of the form 
𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0 , where 𝑥0 is the 
time corresponding to the starting value 
Idea E1: Given an exponential growth context, we can represent the y-
value as both an expression of a multiplicative process (initial value 
times growth factor some number of times) and a numerical result (the 
evaluation of the process). 
Idea E2: The multiplicative process for each y-value can be written as an 
exponential expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 . 
Idea E3: In a table where Δ𝑥 = 1, the exponent values of the expression 
𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟  go up by a value of one. 
Idea E4: The exponent in the expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 ×
𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟  is related to the corresponding 𝑥-value. 
Idea E5: The expression representing the 𝑦-value for a given context can 
be written as 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0 , where 𝑥0 is the time 
corresponding to the starting value. 
   
Purpose E2: 
Defining the 
parameters and the 
variables of the 
general equation  
𝑦 = 𝑎𝑏𝑥. 
Idea EP2: the general exponential equation has the form 
𝑦 = 𝑎𝑏𝑥 where 𝑦 ≔ 𝑡𝑜𝑡𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡, 𝑎 ≔
 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡, 𝑏 ≔  𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟, 𝑥 ≔
𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑. There are restrictions on the 𝑏-value that 
determine growth or decay: 𝑏 > 1 is growth while 0 <
𝑏 < 1 is decay 
Idea E6: Exponential equations have the form 𝑦 = 𝑎𝑏𝑥, where 𝑦 ≔
𝑡𝑜𝑡𝑎𝑙, 𝑎 ≔  𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑣𝑎𝑙𝑢𝑒, 𝑏 ≔
 𝑣𝑎𝑙𝑢𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑑 𝑏𝑦 𝑒𝑎𝑐ℎ 𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑, 𝑥 ≔ 𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑. 
Idea E7: There are restrictions on the growth factor, 𝑏, that determine 
growth or decay. When 0 < 𝑏 < 1 the situation is exponential decay, 
when 𝑏 > 1 the situation is exponential growth. 
   
Purpose E3: 
Developing an 
equation of the form 
𝑦 = 𝑎𝑏𝑥 for a 
context with percent 
change. 
 
Idea EP3: Contexts with percent change fit an equation of 
the form 𝑦 = 𝑎𝑏𝑥 where 𝑏 = 1 + %𝑐ℎ𝑎𝑛𝑔𝑒 
Idea E8: A percent change corresponds to taking the previous y-value 
and adding it to the previous value multiplied by the percent change as a 
decimal. 
Idea E9: The additive method of 𝑦0 + 𝑦0 ⋅ %𝑐ℎ𝑎𝑛𝑔𝑒 is the same as 
𝑦0(1 + %𝑐ℎ𝑎𝑛𝑔𝑒). 
Idea E10: Additive expressions for future years can be written as 
𝑦0(1 + %𝑐ℎ𝑎𝑛𝑔𝑒)
# 𝑜𝑓 𝑦𝑒𝑎𝑟𝑠 𝑠𝑖𝑛𝑐𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑦𝑒𝑎𝑟 . 
Idea E11: The equation 𝑦 = 𝑦0(1 + %𝑐ℎ𝑎𝑛𝑔𝑒)
# 𝑜𝑓 𝑦𝑒𝑎𝑟𝑠 𝑠𝑖𝑛𝑐𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑦𝑒𝑎𝑟  









Table 12 Continued 5 
Purpose Overarching Ideas Sub-Ideas 
Purpose E4: 
Defining the 
characteristics of an 
exponential function 
Idea EP4: The functions 𝑦 = 2𝑥, 𝑦 = 3𝑥, 𝑦 = 4𝑥, and 
𝑦 = 3 ⋅ 2𝑥 have the following characteristics: 1) common 
points are (0, 𝑎) and (1, 𝑎𝑏), 2) domain is all real 
numbers, 3) range is 𝑦 > 0, 4) asymptotes are all named 
𝑦 = 0, 5) Intercepts: no 𝑥-intercept; 𝑦-intercept at (0,1) 
for 𝑦 = 2𝑥, 𝑦 = 3𝑥, and 𝑦 = 4𝑥 and (0,3) for 𝑦 = 3 ⋅ 2𝑥, 
6) end behavior: going up as you go to the right; 
gradually approaching zero going to the left, and 7) the 
functions are increasing. 
Idea E12: Common Points of the equations 𝑦 = 2𝑥, 𝑦 = 3𝑥, 𝑦 = 4𝑥, and 
𝑦 = 3 ⋅ 2𝑥 are (0, 𝑎) and (1, 𝑎𝑏). 
Idea E13: The name of the horizontal asymptote for all the functions is 𝑦 =
0. 
Idea E14: The 𝑦-intercept at (0,1) for 𝑦 = 2𝑥, 𝑦 = 3𝑥, and 𝑦 = 4𝑥 and 
(0,3) for 𝑦 = 3 ⋅ 2𝑥. 
   
Purpose E5: 
Developing 
equations for tables 
and graphs using 
characteristics and 
the form 𝑦 = 𝑎𝑏𝑥 
Idea EP5: We can write exponential equations of the form 
𝑦 = 𝑎𝑏𝑥 given a table of values or a graph by considering 
the 𝑦-intercept and the point when 𝑥 is 1. 
Idea E15: We can obtain an equation from a table of values where Δ𝑥 = 1 
by examining the y-value when 𝑥 is zero, which is the value for 𝑎 and what 
the 𝑦-values are being multiplied by each time, which is the value for 𝑏 
Idea E16: By looking at the common points (1, 𝑎𝑏) and (0, 𝑎) on a graph, 









Instruction under the umbrella of Purpose E1: To write an expression of the form 
𝑎𝑏𝑥 from an exponential context with a growth factor surfaced the overarching idea, Idea 
EP1, given an exponential growth context with an initial value and growth factor, we can 
create a table of values from which to write an expression of the form 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 ×
𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0, where 𝑥0 is the time corresponding to the initial value. Idea EP1 
surfaced during the first day and was revisited during the second day; the idea was the 
foundation Evelyn relied on to guide instruction related to Purpose E2: To define the 
parameters and the variables of the general equation 𝑦 = 𝑎𝑏𝑥. Idea EP2 surfaced from 
Evelyn’s instruction when she highlighted the meanings associated with the three 
contexts and associated equations used when developing Idea EP1. In this way, achieving 
Purpose E1 was in service of establishing Purpose E2 and Idea EP1 was the foundation 
used for establishing Idea EP2. Together, instruction related to Purposes E1 and E2 
provided opportunities for students to assign meaning to the components of the 
exponential equation 𝑦 = 𝑎𝑏𝑥 through contextual experiences followed by abstraction to 
a general equation. During instruction related to Purpose E4: Defining the characteristics 
of an exponential function, Evelyn and her students articulated general common points 
for exponential functions of the form 𝑦 = 𝑎𝑏𝑥, e.g., (0, 𝑎) and (1, 𝑎𝑏). By supporting 
students to identify these generic common points through examination of four different 
exponential functions of the form 𝑦 = 𝑎𝑏𝑥, Evelyn provided opportunities for her 
students to develop meaning of the mathematical objects of generic common points as a 
result of making connections between concrete examples and a general form.  
Evelyn explicitly utilized the meanings of the general exponential equation during 
instruction of Purposes E3 and E5. Instruction related to Purpose E3: Developing an 
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equation of the form 𝑦 = 𝑎𝑏𝑥 for a context with percent change surfaced Idea EP3: 
Contexts with an initial value and percent change fit an equation of the form 𝑦 = 𝑎𝑏𝑥 
where 𝑏 = 1 + %𝑐ℎ𝑎𝑛𝑔𝑒. Evelyn motivated her instruction by fitting the percent change 
context into an equation of the form 𝑦 = 𝑎𝑏𝑥 and thus she relied on the meanings 
developed in Purpose E2 to frame initial and concluding discussions of the task. During 
instruction related to Purpose E5: Developing equations for tables and graphs using 
characteristics of exponential functions and the form 𝑦 = 𝑎𝑏𝑥, Evelyn had students 
report their strategies for developing equations from a table of values or a graph. The 
strategies students reported relied on the meanings of the components in the equation 𝑦 =
𝑎𝑏𝑥 in collaboration with the generic common points (0, 𝑎) and (1, 𝑎𝑏) found in Purpose 
E4. In other words, instruction involved utilizing the meanings of mathematical objects, 
e.g., 𝑦 = 𝑎𝑏𝑥, (0, 𝑎), and (1, 𝑎𝑏), established in earlier purposes. 
Purpose E1: Writing an Expression  
of the Form 𝒂𝒃𝒙 from Exponential  
Context with a Growth Factor 
 
Both instruction and examination of the sub-ideas that emerged in relation to 
Purpose E1 made it possible to learn Idea EP1: Given an exponential growth context with 
an initial value and growth factor, we can create a table of values from which to write an 
expression of the form 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0 where 𝑥0 is the time 
corresponding to the initial value.  Four tasks fell underneath the umbrella of Purpose E1: 
1. Task E2: Raja Rice 
2. Task E3: Social Media 
3. Task E4: Fruit Flies 
4. Task E6: Fruit Flies Comparison 
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The first three tasks occurred during the first day of instruction; Task E6: Fruit Flies 
Comparison occurred during the second day of instruction.  
Task E2: One Grain of Rice, Task E3: Social Media, and Task E4: Fruit Flies (see 
Figure 11) presented students with exponential growth contexts containing a starting 
value and a growth factor (i.e., doubling, tripling, and quadrupling, respectively). Tasks 
E2 and E3 involved whole-class instruction during which Evelyn co-created a table of 
values in service of developing an exponential expression for the context. The creation of 
the tables involved finding consecutive 𝑦-values one unit apart (e.g., for years 2006, 
2007, and 2008 in Social Media) followed by a 𝑦-value in the distant future (e.g., year 
2052). Once students saw a pattern in the exponents of the multiplicative expressions 
representing the 𝑦-values, the class found the general expression (e.g., 3.2 × 3𝑥−2005). 
After Tasks E2 and E3, Evelyn assigned Task E4 as an exit ticket. The class discussed 








 Whole-class instruction of Tasks E2 and E3 surfaced variation that gave rise to all 
five sub-ideas. Idea EP1, on the other hand, surfaced as the result of looking across. The 
instruction of Task E2, Task E3, Task E4, and Task E6 and through examination of the 
sub-ideas surfaced during whole-class instruction. 
Idea EP1: Converting from an Exponential  
Growth Context to an Exponential  
Expression  
Idea EP1—given an exponential growth context with an initial value and growth 
factor, we can create a table of values from which to write an expression of the form 
𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0, where 𝑥0 is the time corresponding to the initial 
value—emerged during Evelyn’s instruction of four tasks: Task E2: Raja Rice, Task E3: 
Social Media, Task E4: Fruit Flies, and Task E6: Fruit Flies Comparison. Two different 
perspectives of the instruction of the four aforementioned tasks provided evidence of the 
emergence of Idea EP1: (a) examining instruction through the lens of writing an 
expression of the form 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0 and (b) as a culmination of 
Ideas E1 through E5. The first perspective surfaced a generalization across tasks where 
the method for obtaining an expression remained the same while the respective contexts 
varied. The second perspective considered how the sub-ideas expanded and refined the 
role of the growth factor with respect to the role of the initial value and the exponent, 
necessary dimensions for discerning Idea EP1.  
Examining Idea EP1 Through the Lens of Writing an Expression. Evelyn’s 
instruction of Task E2: Raja Rice, Task E3: Social Media, and Task E4: Fruit Flies (see 
Figure 11 above) offered written contexts with an initial value and a growth factor (i.e., 
doubling, tripling, and quadrupling, respectively) and posed similar questions to solve 
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(e.g., finding 𝑦-values in the immediate future and finding 𝑦-values in the distant future). 
Additionally, whole-class instruction of Task E2: Raja Rice and Task E3: Social Media 
began with Evelyn through conversation with her students by setting up a table of values 
where they represented 𝑦-values as both singular numbers (e.g., 8) and multiplicative 
expressions (e.g., 1 ⋅ 2 ⋅ 2 ⋅ 2 = 1 ⋅ 23). The setup of the tables of values purposefully 
facilitated the writing of a multiplicative expression with a variable expression in the 
exponent (e.g., 1 ⋅ 2𝑑−1). Thus, Evelyn’s instruction focused students’ attention on a way 
for developing an expression through the construction of a table of values. The way for 
developing an expression remained the same while the contexts varied, which created a 
generalization and made it possible to learn that from a context with a growth factor we 
can create an expression of the form 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0. 
Although not enacted in the same way as Tasks E2 and E3, together Task E4: 
Fruit Flies and Task E6: Fruit Flies Comparison provided additional evidence of the 
opportunity to learn Idea EP1. Task E4: Fruit Flies offered another exponential context 
from which students found future 𝑦-values and created equations as part of an exit ticket 
and Task E6: Fruit Flies Comparison displayed the ways in which students worked to 
find both future 𝑦-values and an equation for the context. The solutions presented as part 
of the whole-class instruction of Task E6: Fruit Flies Comparison portrayed tables of 
values and equations (see Figure 12) similar to what Evelyn presented during Task E2: 
Raja Rice and Task E3: Social Media. Examining the enactment of Task E4: Fruit Flies 
and Task E6: Fruit Flies Comparison jointly reiterated the aforementioned generalization 
and idea that we can use a table of values developed from the initial value and growth 









Emergence of Idea EP1 from Sub-Ideas. In addition to looking across the 
instruction of the four aforementioned tasks, Idea EP1 emerged from the sub-ideas (see 
Figure 13). The general focus of Idea EP1 was on developing an expression from a 
context with an initial value and a growth factor. Thus, important dimensions of Idea EP1 
were the role of the initial value and the role of the growth factor when creating an 
equation. Evelyn’s instruction provided opportunities for students to discern necessary 
attributes of the role of the growth factor described in Ideas E1 through Idea E5.  
Analysis of the sequence of sub-ideas through the lens of discerning attributes about the 
role of the growth factor in developing an expression from a context contributed to the 






































































































































































Idea E1: Given an exponential growth context, we can represent 
the y-value as both an expression of a multiplicative process 
(initial value times growth factor some number of times) and a 
numerical result (the evaluation of the process). 
Idea E2: The multiplicative process for each y-value can be 
written as an exponential expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 ×
𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟. 
Idea E3: In a table where Δ𝑥 = 1, the exponent values of the 
expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 go up 
by a value of one. 
Idea E4: The exponent in the expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 ×
𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 is related to the corresponding 𝑥-
value. 
Idea E5: The expression representing the 𝑦-value for a given 
context can be written as 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0, 
where 𝑥0 is the time corresponding to the starting value. 
 
Figure 13. Evelyn’s ideas for Purpose E1. 
 
 
Idea E1 described the role of the growth factor as different than the role of the 
initial value in creating an equation. Idea E1 established equivalence between a 
calculated 𝑦-value and the multiplicative process for obtaining the corresponding 𝑦-
value. In deconstructing 𝑦-values to multiplicative processes involving the initial value 
and the growth factor, it was possible to see the role of the growth factor as different than 
the role of the initial value in a multiplicative expression representing a 𝑦-value.  
Namely, the growth factor was multiplied by the initial value some number of times.  
Ideas E2 through Idea E5 further developed the role of the growth factor by 
continuously refining understandings about how the exponent of that growth factor 
changed with respect to the context. Idea E2 focused on compressing the number of times 
one multiplies the initial value by the growth factor. Specifically, Idea E2 associated 
repeated multiplication of the growth factor to exponentiation. Idea E3 then made it 
possible to see a pattern in the exponents of the growth factor—the exponents of the 
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growth factor go up by one as you move down a table where Δ𝑥=1. Together, Ideas E2 
and E3 moved from repeated multiplication to exponentiation where the exponent grew 
by a value of one moving down the table. 
Ideas E4 and E5 connected the value of the exponent to the independent variable, 
capitalizing on the pattern seen in Idea E3. Idea E4 presented a noticing that there was, in 
fact, a relationship between the 𝑥-value and the value of the exponent of the growth 
factor while Idea E5 solidified the noticing in terms of a defined relationship between the 
exponent and the 𝑥-value. The relationship between the exponent and the 𝑥-value in Idea 
E5 furthered potential understanding about the relationship between the role of the initial 
value and the role of the growth factor. Specifically, the exponent of the growth factor 
was dependent on the 𝑥-value of the initial value. All five ideas worked to refine 
students’ understanding of the role of the growth factor in writing an exponential 
expression from a context.  
Idea E1: The 𝒚-Value as an  
Expression and Result 
Instruction of two tasks, Task E2: Raja Rice and Task E3: Social Media, 
contributed to the surfacing of Idea E1—given an exponential growth context, we can 
represent the y-value as both an expression of a multiplicative process (initial value times 
growth factor some number of times) and a numerical result (the evaluation of the 
process). During the whole-class instruction of both tasks, Evelyn guided the construction 
of a table of values. The initial structure of the tables had 𝑥-values where Δ𝑥 = 1, and 
Evelyn recorded a numerical value and the equivalent multiplicative process to obtain 
that numerical value for each 𝑥. Evelyn’s instruction around the table of values for Task 
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E2: Raja Rice provided an example of how contrasts and a generalization surfaced Idea 
E1.  
While creating the table for Task E2: Raja Rice, Evelyn focused attention on 
documenting the number of grains of rice Rani received on days two through four and the 




Figure 14. Table of values for Task E2: Raja Rice. 
 
 
During the creation of the above table, Evelyn focused attention on the 𝑦-value 
for each line. She first asked students for a numerical 𝑦-value and then their process for 
finding the respective 𝑦-value. Students reported a number (i.e., 2, 4, or 8) followed by a 
recursive multiplication by 2 for the process (i.e., multiply the previous number by 2). 
Evelyn did not record the information in the way students provided. Instead, she 
transformed their recursive process into a multiplicative expression starting with the 
initial value of 1 followed by the numerical evaluation of the expression. Evelyn 
conducted this process for rows 2-4 in the table. During the discussion of each row, a 
contrast surfaced. The contrast arose because of the focus on representing 𝑦-values that 
varied within each row. The contrast made it possible to learn that two processes, 
recursive multiplication by 2 and the initial value of 1 multiplied repeatedly by 2, 
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produced the same result, which meant we could write each y-value as an expression 
multiplying the initial value of 1 by 2 some number of times.  
Looking at the table of values, one can see a generalization. The process of 
finding the 𝑦-value (i.e., multiplying the initial value by 2 one more time than the 
previous line) remained invariant and in focus across the different rows in the table. The 
generalization refined the previous idea to: we can represent a numerical 𝑦-value in a 
table where the 𝑥-values increase by 1 by multiplying the initial value of 1 by 2 one more 
time than in the previous row.  
Evelyn’s creation of the table of values during Task E3: Social Media followed a 
similar pattern. Thus, looking across the instruction of both the tasks with a focus on the 
representation of the 𝑦-values, a generalization occured since the process of finding the 
consecutive 𝑦-values remained the same while the contexts varied.  
The contrasts and generalizations within and across tasks built on each other and 
worked to establish Idea E1. As a result, students had the opportunity to see that given an 
exponential growth context, we can represent the y-value as both an expression of a 
multiplicative process (initial value times growth factor some number of times) and a 
numerical result (the evaluation of the process). 
Idea E2: Repeated Multiplication 
as an Exponential Expression 
Idea E2—the multiplicative process for each y-value can be written as an 
exponential expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟—surfaced during the 
instruction of Task E2: Raja Rice and Task E3: Social Media. Idea E2 developed from 
the multiplicative process introduced in Idea E1. Instruction of Task E3: Social Media 
best depicted the building of ideas and the surfacing of Idea E2. Idea E2 surfaced during 
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Task E3: Social Media during the creation of a table of values moving first down a table 
of values from an initial value (moving forward) and then up a table of values (moving 
backward); instruction of Task E2: Raja Rice only involved moving down a table of 
values.  
Whole-class instruction of Task E3: Social Media began with filling in a table of 
values moving down the table from the initial value (see Figure 15). The table included a 
year, the number of social media users in two forms (e.g., 3.2 million and 3,200,000), and 
a multiplicative process of obtaining the number of social media users. Once Evelyn 
filled in the table for years 2005, 2006, and 2007, she focused student attention on the 
representation of the 𝑦-value by rewriting 3.2 × 3 × 3 as 3.2 × 32. Equating 
3.2 × 3 × 3 = 3.2 × 32 generated a contrast where the representation of the 𝑦-value 
varied within a single row of the table. The contrast made it possible to see the 
equivalence between a multiplicative expression of the 𝑦-value as 3.2 × 3 × 3 and the 




Figure 15.  Reconstruction of initial table of values for Task E3: Social Media. 
 
 
For the year 2008 in the task, Evelyn documented the year and numerical 
representations of the 𝑦-value before directing attention to the multiplicative process 
documented in the right-hand column. Evelyn focused attention on the changing 
exponent values moving down the table (i.e., 3.2 × 3 and 3.2 × 32) before documenting 
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the process for year 2008 (i.e., 3.2 × 33). By drawing attention to the exponent values 
and only documenting the process with an exponent rather than repeated multiplication, 
Evelyn’s instruction surfaced a contrast. The focus of attention was on the varying 
exponent values moving down the table while the base structure of the expression (i.e., 
3.2 × 3𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟) remained the same. The contrast made it possible to learn that the 
process representation of the 𝑦-value looked like 3.2 × 3𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟.  
Upon completing the table through year 2008, Evelyn facilitated a discussion 
about “going backwards” in the table and documented the results of the discussion on the 
board (see Figure 16). Evelyn solicited the number of users and how her students 
obtained the number of users, documenting their responses in the table in the same format 
as above. For the year 2004, Evelyn recorded the process for finding the number of users 
from the given value in year 2005 as 
3.2
3
. A student then suggested that 
3.2
3
 should be 
rewritten as 3.2 × 3−1, which Evelyn recorded in the table. Evelyn focused attention on 
the equivalence of 
3.2
3
= 3.2 × 3−1, which established a contrast since the operation 
varied while the resultant 𝑦-value remained the same. The contrast surfaced the idea that 
moving backward in the table required dividing by 3 and we could represent the process 
of dividing 3.2 by 3 as 3.2 × 3−1.  
 
 
Figure 16. Reconstructed table of values for Task E3: Social Media continued. 
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Moving to the row for 2003 while maintaining focus on the process of finding the 
number of users, Evelyn asked her students how to write dividing by 3 a second time as 
multiplying by a power of 3. From student responses, Evelyn documented 3.2 × 3−2 in 
the last column for 2003. Since the process of finding the number of users stayed the 
same from year 2004, a generalization occurred. The generalization broadened the 
previous idea to moving backward in the table required dividing by 3 for each row. 
Dividing by 3 𝑛 times was the same as multiplying by 3 with a negative power of 𝑛 and 
written as 3.2 × 3−𝑛. 
Evelyn then drew students’ attention to the fourth column for year 2005 by asking 
students for the exponent of 3 in 3.2 × 3, “3.2 times 3 to the what?” Some students 
responded “zero,” which Evelyn recorded as 3.2 × 30. Here the focus was on 
documenting the process of finding the number of users in a given year respective to the 
exponent value. The focus on the process of finding the y-values remained invariant 
while the exponent varied, creating another generalization. The generalization further 
refined the idea that one could write the process of finding the number of users as 
3.2 × 3𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟. 
 Taking all the surfaced ideas together, one could see them building toward the 
idea that 3.2 × 3𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟represented the multiplicative process for the number of social 
media users. First, moving down the table, contrasts made it possible to see we could 
represent the multiplicative processes as 3.2 × 3𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 for each successive year. 
Next, moving up the table generated a contrast and generalization that expanded the 
multiplicative process representation to include negative powers for the multiplicative 
factor 3 when “moving backwards.” Finally, when examined together, there was a 
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generalization evident in the recorded multiplicative processes in the table—the process 
remains the same while the exponent value varies. The multiple variation types made it 
possible to see that 3.2 × 3𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟represented the multiplicative process for the 
number of users. The instruction of Task E2: Raja Rice provided a similar variation 
pattern such that when looking across the instruction for the tasks, a generalization 
occurred; the multiplicative processes remained invariant (i.e., 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 ×
𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟) while the contexts of the tasks varied. The generalization 
made it possible to see we could write the multiplicative process for each 𝑦-value as an 
exponential expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟. 
Idea E3: Pattern in the Exponent  
Values 
Idea E3—in a table where Δ𝑥 = 1, the exponent values of the expression 
𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 go up by a value of one—surfaced during 
the creation of the tables of values during Task E2: Raja Rice and Task E3: Social Media.  
Instruction of Task E2: Raja Rice provided an example of the variation within both tasks 
that gave rise to Idea E3.  
After the class completed a table of values for Task E2 through day 4 as a 
multiplicative expression (i.e., 1 ⋅ 2 ⋅ 2 ⋅ 2 = 8), Evelyn focused attention on rewriting 
the multiplicative expression for day 4 as 23. She then equated the 𝑦-values in previous 
rows to their respective powers of 2 (see Figure 17). In constructing the table in this way, 
a contrast surfaced—the exponent in expressions of the form 2𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 varied by 1 
within a table of values with Δ𝑥 = 1 while the base value, 2, remained the same. The 
contrast provided the opportunity to see the exponent values of the base, 2, increased by 1 





Figure 17. Consecutive exponents from Task E2: Raja Rice. 
 
 
Evelyn then asked students about the 𝑦-value for day 5. She documented a 
student’s response of 24 and re-voiced their reasoning that “you just count up” by a value 
of 1 in the exponent as you go down the table. By documenting and re-voicing the 
student’s observation, Evelyn surfaced the same contrast as above. The contrast made 
explicit the opportunity to see the exponent values of the base, 2, increased by 1 going 
down the table in a table of values where Δ𝑥 = 1. 
Idea E4: Correspondence Between  
the Exponent and 𝒙-Value 
 Like the three previous ideas, Evelyn related Idea E4—the exponent in the 
expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 is related to the corresponding 𝑥-
value—surfaced during instruction of Task E2: Raja Rice and Task E3: Social Media. 
Analysis of instruction of Task E2: Raja Rice provided an example of the variation that 
surfaced Idea E4. 
After Evelyn documented the table of values for day 1 through day 5 (see Figure 
18), Evelyn asked students to find the number of grains of rice on day 15. By posing this 
question directly after the exponent pattern surfaced in Idea 3, the question encouraged 
students to think about the relationship between the 𝑥-value and the exponent in the 
corresponding expression 2𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟. After a short moment of individual work time, 
Evelyn solicited and recorded 214 for the 𝑦-value on day 15. This exchange surfaced a 
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generalization where the focus of attention was on the relationship between the exponent 
and the 𝑥-value, which remained the same, while the Δ𝑥 changed from 1 to 15. The 
generalization made it possible to see the exponent in the expression 2𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 was one 







Figure 18. Table of values for Task E2. 
 
Finding an expression for day 30 quickly followed the presentation of the 
expression for day 15. Evelyn again asked students to find the expression of the form 
2𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟. This time, however, a generalization occurred. The focus remained on the 
relationship between the 𝑥-value and the exponent, which was invariant, while Δ𝑥 
changed from 14 to 15. The generalization reinforced the idea that the exponent in the 
expression 2𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 was one less than the corresponding 𝑥-value. 
Evelyn conducted similar instruction for Task E3: Social Media by establishing a 
relationship between the exponent and the year. Looking across the instruction of the two 
tasks, a generalization occurred and established a relationship between the exponent in 
the expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 and the corresponding 𝑥-
value. 
 
Day # of grains of rice 
1 1 
2 1 ⋅ 2 = 21 
3 1 ⋅ 2 ⋅ 2 = 4 = 22 
4 1 ⋅ 2 ⋅ 2 ⋅ 2 = 8 = 23 
5 24 = 16 
15 214 
30 229 
Day one →  
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Idea E5: Connecting Exponent to  
Starting Value 
Idea E5—the expression representing the 𝑦-value for a given context can be 
written as 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0 where 𝑥0 is the time corresponding to 
the starting value—surfaced during instruction of Task E2: Raja Rice and Task E3: 
Social Media. Idea E5 emerged from the previous ideas. Analysis of Task E3: Social 
Media provided an example of the variation involved in surfacing Idea E5.  
During the generation of the table of values (seen in Figure 16), Evelyn 
maintained focus on the expression for the number of social media users for each year 
(i.e., 3.2 × 3𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟). After the class found the number of users in year 2052 to be 
3.2 × 347, Evelyn asked her students to find an equation for year 𝑥. Evelyn recoded the 
student-provided expression of 3.2 × 3𝑥−2005 to the side of the table. Successfully 
answering the question required consideration of the relationship between the day value 
and the exponent. Since the day value varied from a year (2052) to a variable (𝑥) and the 
exponent varied from a number (47) to an expression (𝑥 − 2005), a fusion surfaced. The 
fusion made it possible to learn the equation for the number of social media users in year 
𝑥 was 3.2 × 3𝑥−2005.  
Coupled with the instruction for Task E2: Raja Rice, a generalization occurred 
across tasks where the way of establishing the equations for the respective contexts 
remained the same while the contexts varied. The generalization across tasks made it 
possible to expand what was made possible to learn for each task beyond the associated 
contexts and surfaced the idea that the expression representing the 𝑦-value for a given 
context could be written as 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0 where 𝑥0 was the 𝑥-
value corresponding to the initial value.  
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Summary of Purpose E1 
With respect to Purpose E1, Evelyn provided students opportunities to learn about 
developing an expression representative of an exponential word problem with a growth 
factor. Evelyn created tables of values from three exponential contexts with a growth 
factor, focusing on rewriting the multiplicative process to obtain the 𝑦-values in the table. 
The sub-ideas built toward the overarching idea, Idea EP1, highlighting necessary 
attributes of the overarching idea. Ultimately, Evelyn made it possible for students to 
learn that given an exponential context with a growth factor, one could write an 
expression of the form 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0 where 𝑥0 was the time 
associated with the initial value. 
Purpose E2: Defining the Parameters  
and Variables of the General  
Equation 𝒚 = 𝒂𝒃𝒙 
 
Purpose E2 emerged from Evelyn’s instruction of two tasks:  
1. Task E8: Comparing Contexts and Equations, and 
2. Task E15: Exponential Growth and Decay. 
In the overarching idea, Idea EP2—the general exponential equation has the form 𝑦 =
𝑎𝑏𝑥 where 𝑦 ≔ 𝑡𝑜𝑡𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡, 𝑎 ≔  𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡, 𝑏 ≔  𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟, 𝑥 ≔
𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑. There are restrictions on the 𝑏-value that determine growth or decay: 𝑏 > 1 
is growth while 0 < 𝑏 < 1 is decay—surfaced from Evelyn’s instruction of the two tasks 
and two sub-ideas: Idea E6 and Idea E7. 
Task E8: Comparing Contexts and Equations re-presented the three contexts and 
equations for Task E2: Raja Rice, Task E3: Social Media, and Task E4: Fruit Flies. 
Evelyn then used the commonalities seen across the contextually oriented equations to 
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establish meanings for the parameters and variables in the general equation 𝑦 = 𝑎𝑏𝑥 (see 




Figure 19. Board upon completion of Task E8: Comparing Contexts and Equations. 
 
 
Instruction of Task E15: Exponential Growth and Decay began with a discussion 
of the differences between exponential growth and decay and ended with Evelyn re-
iterating the previously defined parameter and variable meanings and adding restrictions 
on the 𝑏 parameter for growth and decay of the equation 𝑦 = 𝑎𝑏𝑥 (see Figures 20 and 














 Evelyn’s instruction of Tasks E8 and E15 gave rise to Idea E6, Idea E7, and Idea 
EP2. In addition, Idea EP2 surfaced as a result of looking across Ideas E6 and E7. Thus, 
students potentially encountered Idea EP2 in two ways: across instruction of Task E8 and 





Idea EP2: Defining Components  
of 𝒚 = 𝒂𝒃𝒙 
Idea EP2—the general exponential equation, has the form 𝑦 = 𝑎𝑏𝑥 where 𝑦 ≔
𝑡𝑜𝑡𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡, 𝑎 ≔  𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡, 𝑏 ≔  𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟, 𝑥 ≔ 𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑. 
Restrictions on the 𝑏-value that determine growth or decay, 𝑏 > 1 is growth while 0 <
𝑏 < 1 is decay—surfaced in two ways. First, Idea EP2 emerged from the comparison of 
the instruction of Task E8: Comparing Contexts and Equations and Task E15: 
Exponential Growth and Decay. Second, Ideas E6 and E7 illuminated two necessary 
dimensions for Idea EP2: (a) the role of each component and (b) the role of the value of 
𝑏.  
Emergence of Idea EP2 from Instruction of Two Similar Tasks. Examining 
the instruction across the two tasks through the lens of defining the components of the 
equation 𝑦 = 𝑎𝑏𝑥 surfaced a generalization, repetition, and contrast. Within Task E8: 
Comparing Contexts and Equations, Evelyn compared three contexts and their associated 
equations to ground the component meanings for the equation 𝑦 = 𝑎𝑏𝑥. The final 
presentation of the labeled contextual equations and labeled decontextualized equation, 
𝑦 = 𝑎𝑏𝑥, produced a generalization. Grouping the labeled, contextualized equations 
together and comparing to the labeled equation, 𝑦 = 𝑎𝑏𝑥, the component meanings 
remained the same but the representation varied from values tied to the contexts to 
parameters or variables. The generalization allowed the meanings of the parameters and 
variables of 𝑦 = 𝑎𝑏𝑥 to surface as 𝑦 ≔ 𝑡𝑜𝑡𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡, 𝑎 ≔  𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡, 𝑏 ≔
 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟, 𝑥 ≔ 𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑 (see Figure 21 above).  
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A repetition occurred when Evelyn re-presented the same information regarding 
the components of the equation 𝑦 = 𝑎𝑏𝑥 within Task E15: Exponential Growth and 
Decay as she did within Task E8: Contexts and Equations Comparison. The repetition 
reinforced the aforementioned meanings of the parameters and variables for equations of 
the form 𝑦 = 𝑎𝑏𝑥.  
Finally, when comparing the final presentations of Task E8: Contexts and 
Equations Comparison to the final presentation of Task E15: Exponential Growth and 
Decay, a generalization surfaced. Keeping the focus on component meanings, the 
generalization surfaced because the equation 𝑦 = 𝑎𝑏𝑥 and the component meanings 
remained the same while Evelyn added restrictions on the 𝑏-value. The generalization 
made it possible that in addition to the component meanings, an equation of the form 𝑦 =
𝑎𝑏𝑥 was decay when 0 < 𝑏 < 1 and growth when 𝑏 > 1.  
Idea EP2 as a Combination of Sub-Ideas. In addition to the variation seen 
across tasks, Ideas E6 and E7 combined to surface Idea EP2. The focus of Idea EP2 was 
on defining the elements of an exponential equation of the form 𝑦 = 𝑎𝑏𝑥. As such, each 
of the components in the equation 𝑦 = 𝑎𝑏𝑥 was an important dimension of consideration. 
Evelyn’s instruction provided opportunities for students to assign meaning to each of the 
components and to further refine their understanding of a single attribute, the 𝑏-value, 
with respect to exponential growth and decay.  
Both Ideas E6 and E7 included necessary aspects of Idea EP2. Idea E6 built 
across the instruction of both tasks and allowed for students to assign particular meanings 
to the components of 𝑦 = 𝑎𝑏𝑥. Specifically, Idea E6 established that 𝑦 was the total, 𝑎 
was the starting value, 𝑏 was the value multiplied by each time period, and 𝑥 was the 
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time period. Evelyn inextricably tied these meanings to the three contextual tasks 
explored in Purpose E1. In fact, the language Evelyn used for each component echoed 
what she used during instruction of the three contextual tasks. Idea E7 surfaced during 
instruction of Task E15 and included additional characteristics associated with the 𝑏-
value, namely, an exponential decay function has 0 < 𝑏 < 1 and an exponential decay 
function has 𝑏 > 1. Idea E7 expanded the meaning associated with the 𝑏-value from just 
what was being multiplied by each time to include restrictions on the numerical value 
based on the type of function, growth, or decay. 
Idea E6: Defining the Components  
of the Equation 𝒚 = 𝒂𝒃𝒙 
Instruction of two tasks, Task E8: Contexts and Equations Comparison and Task 
E15: Exponential Growth and Decay, surfaced Idea E6—exponential equations have the 
form 𝑦 = 𝑎𝑏𝑥 where y  := total amount of stuff, a := starting value, , 𝑏 ≔
𝑣𝑎𝑙𝑢𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑑 𝑏𝑦 𝑒𝑎𝑐ℎ 𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑, 𝑥 ≔ 𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑. Instruction of Task E8: 
Contexts and Equations Comparison introduced and formalized the idea through contrasts 
and generalizations while instruction of Task E15: Exponential Growth and Decay re-
presented Idea E6 through a repetition. It was important to note that Idea E6 would not 
have surfaced without the instruction around the three contextual tasks discussed in 
Purpose E1. The language the class used to describe the various components during the 
instruction of the contextual tasks derived the meanings assigned to each component. 
Evelyn’s instruction of Task E8 provided students the opportunity to see the contexts side 
by side and to associate the key factors in the contexts directly with the related 
components. Thus, although Idea E6 surfaced during instruction of Tasks E8 and E15, the 
instruction discussed in Purpose E1 contributed to its emergence.  
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To begin instruction of Task E8: Contexts and Equations Comparison, Evelyn 
revealed only the written descriptions of Task E2: Raja Rice, Task E3: Social Media, and 
Task E4: Fruit Flies and asked students to compare and contrast the different contexts 
(see Figure 22). Students volunteered their observations and Evelyn re-voiced the 
relevant comments. First, a student pointed out each context involved multiplying by 
something each day or year. Evelyn led a discussion by asking students to identify the 
multiplication factor for each context, shifting between the three equations and contexts. 
Evelyn’s actions surfaced a contrast where the focus remained on the growth factor that 
varied across contexts. The contrast made it possible for students to see the value of the 
multiplicative factor changed across contexts.  
After the conversation of the multiplicative factor commonality across contexts, 
students pointed out that each context had a period of time, an exponent in the equation, 
and started with a particular value. Each of these exchanges surfaced contrasts similar to 
the one discussed earlier, which made it possible for students to see the change in the 









Following the discussion, Evelyn revealed the equations written under the 
contexts (see Figure 22) and asked students to describe how each of the equations was 
attained. For the Social Media equation, a student described taking the starting value, 3.2 
million, and multiplying by 3 because the number of users tripled each year; the exponent 
was the time period. Evelyn labeled the associated components of the equation 
accordingly (see Figure 23). The interaction surfaced a transformation between the 
context and the equation. The transformation was in the form of a contrast where the 
focus was on the representation of the function, which changed from context to equation. 
The contrast introduced the idea that we could mathematize a context where you started 
at 3.2 million users and tripled every year since 2005 as 𝑦 = 3.2(3)𝑥−2005.  
 
 
Figure 23. Labeling of social media equation. 
 
 
After discussing the equation associated with Task E3: Social Media, Evelyn 
asked a student whether the same pattern applied to Task E4: Fruit Flies. During the 
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conversation with this student in a whole-class context, Evelyn documented similar labels 
for the Fruit Flies equation (see Figure 24). Their conversation surfaced a generalization 
where the focus remained on the same three places in the equation (i.e., the starting value, 
multiplicative factor, and time period) while the context and values in the equation 
varied. The generalization expanded the previous idea to another context and made it 
possible to learn that the contexts within Task E3: Social Media and Task E4: Fruit Flies 
could be mathematized into equations of the following form:  𝑦 =
𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑣𝑎𝑙𝑢𝑒(𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟)𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑.  
 
 




After this conversation, Evelyn shifted attention to the context and equation for 
Task E2: Raja Rice by asking why the equation did not have a starting value. The focus 
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of attention was on the structure of the equation; specifically, how the equation for Task 
E2: Raja Rice compared to the structure 𝑦 = 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑣𝑎𝑙𝑢𝑒(𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟)𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑. 
The question and response surfaced a generalization where the name and positionality 
within the equation of the starting value remained the same while the context varied. The 
generalization further extended the previous idea to include Task E2: Raja Rice within 
the contexts that could be mathematized into equations of the form 𝑦 =
𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑣𝑎𝑙𝑢𝑒(𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟)𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑 . 
In conclusion, Evelyn wrote the general form 𝑦 = 𝑎𝑏𝑥 on the board and solicited 
student input to label the components (see Figure 25). Moving from the three contexts 
and equations to the general form 𝑦 = 𝑎𝑏𝑥 surfaced a generalization. The generalization 
emerged with a focus on defining the various components of an equation where the form 
of the equation remained the same while the components themselves changed from 
numerical values and expressions tied to the context to parameters and variables void of 
context. The generalization made it possible to learn that the meaning of the components 
of equations in the form 𝑦 = 𝑎𝑏𝑥 were as follows: 𝑎 was the starting value, 𝑏 was the 
value multiplied by each time period, 𝑥 was the time period, and 𝑦 was the total amount 
of stuff. 
During Task E15: Exponential Growth and Decay, Evelyn revisited the meanings 
of the components of 𝑦 = 𝑎𝑏𝑥 by writing down similar definitions for the parameters and 
variables. Looking across the instructional instances, a repetition surfaced where the 
focus remained on defining the components of the equation 𝑦 = 𝑎𝑏𝑥. The form of the 
equation along with the way in which the variables and parameters were defined 
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remained the same. The repetition re-surfaced Idea E6 as established during instruction of 
Task E8: Context and Equation Comparison. 
 
Figure 25. Evelyn’s labeling of the equation 𝑦 = 𝑎𝑏𝑥 in Task E8. 
 
 
Idea E7: Restrictions on 𝒃-Value 
Idea E7—there is a difference in the 𝑏-value for exponential growth and 
exponential decay. When 0 < 𝑏 < 1 the situation is exponential decay and when 𝑏 > 1 
the situation is exponential growth—surfaced during instruction of Task E15: 
Exponential Growth and Decay. Evelyn first facilitated a discussion about the difference 
between exponential growth and decay. When she presented students with the same 
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function in four representations (a context, a graph, a table, and an equation), she asked 
students to describe what made the given situation exponential decay (see Figure 26).  
 




When Evelyn solicited responses, students described what it meant for a function 
to be decreasing as “as the 𝑥-values increase, the y-values decrease.” Evelyn then 





, asking, “What's different than the other 
types of equations?” When a student identified the 𝑏-value of 
1
2
 being the different 
component, Evelyn pushed him to articulate the 𝑏-value is a fraction less than one. 
Evelyn then moved to formally document the restrictions on 𝑏. Evelyn presented the 
equation 𝑦 = 𝑎𝑏𝑥 and asked her students to volunteer the previously defined meanings 
for the parameters and variables. After documenting the meanings for the parameters and 
variables, Evelyn pointedly shifted to discussing the restrictions on the 𝑏-value for decay 
and growth. Based on student responses, Evelyn scribed “Decay 0 < 𝑏 < 1” and 






Figure 27. Labeling of 𝑦 = 𝑎𝑏𝑥. 
 
 
The shift from defining variables and parameters to discussing restrictions on the 
𝑏-value surfaced a contrast when compared with the instruction during Task E8: Contexts 
and Equations Comparison. The labeling of the components of the equation 𝑦 = 𝑎𝑏𝑥 was 
the same as it was for Task E8: Contexts and Equations Comparison. By first creating a 
similar structure in the presentation of the definitions of the components and then shifting 
to and focusing on the restrictions of the 𝑏-value (i.e., Decay 0 < 𝑏 < 1), a contrast 
surfaced: additional conditions for the 𝑏-value arose in conjunction with exponential 
decay and exponential growth while the meanings for all components remained the same.  
The contrast, coupled with the informal discussion, introduced the idea that there was a 
difference in the 𝑏-value for exponential growth and decay. When 0 < 𝑏 < 1, the 




Summary of Purpose E2 
Within instruction related to Purpose E2, Evelyn provided opportunities for 
students to learn the definitions of the variables and parameters in the equation 𝑦 = 𝑎𝑏𝑥. 
To ground the definitions, Evelyn compared the contexts and equations of the three 
previously explored exponential contexts with growth factors. Evelyn then asked students 
to generalize definitions for the variables and parameters of the general equation 𝑦 = 𝑎𝑏𝑥 
from the descriptions provided within the individual contexts. Evelyn revisited the 
definitions for the variables and parameters when establishing restrictions on the 𝑏-value 
in a later task. Ultimately, Evelyn made it possible for students to learn that the 𝑦-value 
was the total amount, the 𝑎 was the initial amount, the 𝑏 was what we were multiplying 
by, and 𝑥 was the time period. 
Purpose E3: Developing an Equation  
of the Form 𝒚 = 𝒂𝒃𝒙 for a Context  
with Percent Change 
 
Instruction of two tasks, Task E9: College Tuition and Task E13: College Tuition 
Revisited, was within the frame of Purpose E3. Task E9: College Tuition (see Figure 28) 
was an exponential growth context containing an initial value and percent growth. Like 
the instruction of Tasks E2 and E3, Evelyn led whole-class instruction by generating a 
table of values and focusing attention on the process of finding the 𝑦-values to create an 
equation of the form 𝑦 = 𝑎𝑏𝑥. While Evelyn manipulated the 𝑦-values in the table to 
create a multiplicative expression from an additive expression, i.e., 5000 + 5000(.06) to 
5000(1.06), students expressed confusion, which prompted Evelyn to revisit the task 
during the next recorded class period (i.e., Task E13: College Tuition Revisited). All 
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ideas within Purpose E3 surfaced from both Tasks E9 and E13. Analysis of instruction of 
Task E9 provided an example for the surfacing of all sub-ideas. 
 
Figure 28. Task E9: College Tuition. 
 
 
The instruction of these two tasks came after Evelyn defined the components of 
the general form 𝑦 = 𝑎𝑏𝑥. Therefore, although ideas related to the construction of an 
equation from a context with an initial value and percent growth were made possible to 
learn, the overarching focus when solving the task was to see the information from a 
context fit into an equation of the form 𝑦 = 𝑎𝑏𝑥.  
Idea EP3: Contexts with Percent Change  
and the Equation 𝒚 = 𝒂𝒃𝒙 
Idea EP3—contexts with percent change fit an equation of the form 𝑦 = 𝑎𝑏𝑥 
where 𝑏 = 1 + %𝑐ℎ𝑎𝑛𝑔𝑒—surfaced from two different perspectives: (a) in comparison 
to instruction from Purpose E1 and (b) through the progression of Ideas E8 through E11. 
The first perspective broadened the relevance of the equation 𝑦 = 𝑎𝑏𝑥 to a context with 
percent change while the second perspective highlighted the origin of the expression 1 +
%𝑐ℎ𝑎𝑛𝑔𝑒 for the 𝑏-value and capitalized on meanings established in Purpose E1 to 
confirm the applicability of the equation 𝑦 = 𝑎𝑏𝑥 to a context with percent change. The 
comparison of instruction of Task E9: College Tuition and Task E13: College Tuition 
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Revisited contributed to surfacing Idea EP3. However, since the instruction of the two 
tasks was generally the same, the repetition across tasks served only to re-highlight Idea 
EP3 from the two aforementioned perspectives.  
Emergence of Idea EP3 Looking Across Tasks. The instruction of Task E9: 
College Tuition and Task E13: College Tuition Revisited occurred following the 
presentation of the general equation of an exponential equation, y = abx, discussed in 
Purpose E2. Evelyn motivated the introduction of Task E9: College Tuition by asking 
whether the details from the context fit within the equation y = abx. After presenting the 
context and establishing that the 6% increase mentioned in the problem was not directly 
translatable to an equation, Evelyn generated a table of values (see Figure 29) and 
worked to identify the multiplicative factor through manipulating the expressions written 
for each y-value. A comparison of the instruction for Task E2: Raja Rice and Task E3: 
Social Media with Task E9: College Tuition and Task E13: College Tuition revisited 
surfaced a contrast supporting the emergence of Idea EP3. Examining all four tasks 
through the lens of writing an equation from a context, the type of transformation 
required from the information in the contexts varied (e.g., doubling translates to a 2 in the 
equation while a 6% increase translated to 1.06) while other aspects remained invariant. 
Some other aspects included the use of a table during instruction to identify a 
multiplicative pattern and a focus on the role of the growth factor while identifying the 
multiplicative pattern (discussed below). Since instruction around all the contexts 
resulted in equations of the form y = abx, the contrast expanded the type of context that 
could be associated with an equation of the form y = abx. In other words, the instruction 
of Task E9: College Tuition and Task E15: College Tuition Revisited made it possible for 
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students to learn that in addition to contexts with growth factors, contexts containing 




Figure 29. Table Evelyn created for the college tuition task. 
 
 
Emergence of Idea EP3 Through Culmination of Sub-Ideas. Further analysis 
of the details of instruction within Task E9: College Tuition and Task E13: College 
Tuition Revisited surfaced the expression form of the b-value (i.e., b = 1 + %change) 
with respect to the equation y = abx and could be seen through the progression of Ideas 
E8 through E11. The progression of the four ideas began with establishing a relationship 
between percent change and a multiplicative factor. The ideas capitalized on that 
relationship in order to apply the previously established relationships among the initial 




Together, Ideas E8 and E9 made it possible for students to see that percent change 
could be written as a multiplicative operation. First, the surfacing of Idea E8 allowed for 
students to recognize the computational meaning for a value to growth via a percent.  
Idea E8 highlighted the equivalence between the initial amount increasing by 6% and the 
arithmetic operations of taking the initial value and adding it to the initial value 
multiplied by ". 06. " Second, the emergence of Idea E9 equated the arithmetic operations 
of y0 + y0(.06) to the multiplicative expression y0(1.06), cementing the relationship 
between an increase of 6% and a multiplicative factor. 
Ideas E10 and E11 focused on the relationship between percent change and a 
multiplicative factor. Idea E10 resurfaced the relationship between the exponent of the 
multiplicative factor and the number of years since the initial year specific to the College 
Tuition context. In particular, Idea E10 provided students with the opportunity to 
recognize that the value of the exponent was precisely the number of years since the 
initial year of tuition (e.g., y0(1.06)
#years since initial year). The surfacing of Idea E11 then 
formalized the relationship among the initial value, growth factor, and exponent through 
the creation of an equation y = y0(1.06)
#years since initial year. Idea E11 was also a 
resurfacing of previous relationships established but was specific to the College Tuition 
context.  The equation presented as part of the surfacing of Idea E11 allowed for students 
to see the applicability of the general exponential equation y = abx to a context with 
percent change. 
Idea E8: Percent Change as Adding  
to Previous Value 
Idea E8—a percent change corresponds to taking the previous y-value and adding 
it to the previous value multiplied by the percent change as a decimal—surfaced during 
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instruction of Task E9: College Tuition (see Figure 28) and again during instruction of 
Task E13: College Tuition Revisited. Instruction of both tasks focused on generating an 
equation of the form 𝑦 = 𝑎𝑏𝑥 with an emphasis on finding the 𝑏-value for the equation. 
Analysis of the instruction for Task E9: College Tuition provided an example of the 
variation that surfaced Idea E8. 
At the start of instruction of Task E9: College Tuition, Evelyn asked students to 
develop an exponential equation of the form 𝑦 = 𝑎𝑏𝑥 from the context that contained a 
starting value of 5000 in year 2007 and a 6% yearly growth. When students struggled to 
identify the 𝑏-value of the equation, Evelyn began creating a table of values like the one 




Figure 30. Initial table for Task E9: College Tuition. 
 
 
Evelyn documented the cost of tuition as 5000 for year 2007 and then elicited cost 
and the process for finding the tuition in year 2008. She documented both the recursive 
method, 5000 + 5000(.06), and the cost of 5300. By focusing on two different 
representations, the additive recursive method and the evaluated cost, Evelyn generated a 
contrast where the representation of the tuition cost varied while the value stayed the 
same. The contrast introduced the idea that there were two ways of representing the cost 
of tuition: as a process and as a quantity.  
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Evelyn kept focus on the process of finding the y-value by recording 
5300+5300(.06) for year 2009. The presentation of the recursive process for two 
consecutive years established a generalization. The representation of the process, 𝑦 +
𝑦(.06), was invariant from year 2008 to year 2009. From the generalization, the idea that 
to find the tuition cost for the next year was to take the previous tuition cost and add it to 
the previous tuition cost multiplied by .06. 
Idea E9: Equating 𝒚𝟎 + 𝒚𝟎 ⋅ %𝒄𝒉𝒂𝒏𝒈𝒆  
and 𝒚𝟎(𝟏 + %𝒄𝒉𝒂𝒏𝒈𝒆) 
After Evelyn created the table in Figure 30 (above), she stated she did not see a 
pattern and focused student attention on transforming the process of 5000 + 5000(.06) 
from the line in 2008 into 5000(1 + .06) and then 5000(1.06) via factoring out the 
5000 from both the 5000 and the 5000(.06) and then adding what was left within the 
parentheses. The transformation surfaced Idea E9—the additive method of 𝑦0 + 𝑦0 ⋅
%𝑐ℎ𝑎𝑛𝑔𝑒 was the same as 𝑦0(1 + %𝑐ℎ𝑎𝑛𝑔𝑒)—via a contrast; the presentation of the 
process for finding tuition cost varied while the expressions remained equivalent in value. 
The contrast made it possible to learn that we could rewrite 5000 + 5000(.06) as 
5000(1 + .06), which was the same as 5000(1.06), and all expressions were equivalent 
to 5300. 
Idea E10: Relationship Between  
Exponent and Initial Year 
After establishing the equivalence between 5000 + 5000(.06), 5000(1.06), and 
5300, Evelyn shifted focus to the representation of the tuition cost in 2009. Through 
instruction, Evelyn surfaced Idea E10—additive expressions for future years can be 
written as 𝑦0(1 + %𝑐ℎ𝑎𝑛𝑔𝑒)
# 𝑜𝑓 𝑦𝑒𝑎𝑟𝑠 𝑠𝑖𝑛𝑐𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑦𝑒𝑎𝑟.   
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To facilitate discussion, Evelyn erased 5300 + 5300(.06) and wrote 
5000(1.06) + 5000(1.06)(.06). She then spent time equating 5300 + 5300(.06) with 
5000(1.06) + 5000(1.06). 06). The instruction created a contrast where the 
representation for the tuition cost in 2009 was invariant while the value remained the 
same.  
Evelyn transformed the expression 5000(1.06) + 5000(1.06)(.06) into 
5000(1.06)(1 + .06) and then 5000(1.06)(1.06) and 5000(1.06)2. The focus 
remained on the representation of the tuition cost in year 2009, which varied, while the 
value remained the same, creating a contrast. The contrast surfaced the idea of the 
equivalence between the four expressions: 5000(1.06) + 5000(1.06)(. 06) =
5000(1.06)(1 + .06) = 5000(1.06)2. 
The instruction of Task E9: College Tuition related to Idea E10 did not go beyond 
year 2009 but instruction of Task E13: College Tuition extended to the next year. After 
obtaining 5000(1.06)2 for 2009, Evelyn asked students for the expression representing 
the tuition cost the next year. Students responded 5000(1.06)3 and Evelyn recorded that 
expression in the table. In doing so, Evelyn created a generalization where the 
representation of the tuition cost as 5000(1.06)𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑦𝑒𝑎𝑟𝑠 𝑎𝑓𝑡𝑒𝑟 2007 remained 
invariant across rows. Building on the previous ideas, the generalization made it possible 
to learn that tuition cost for each year could be written in the form 





Idea E11: Percent Change Gives an  
Equation of the Form 𝒚 = 𝒂𝒃𝒙 
After Idea E10 surfaced, Evelyn formalized the equation by writing the equation 
𝑦 = 5000(1.06)𝑥−2007 during instruction of Task E9: College Tuition. Evelyn then 
shifted attention back to figuring out whether the equation fit the general form of an 
exponential equation 𝑦 = 𝑎𝑏𝑥. To make the decision, Evelyn asked students about the 
different components of the equation 𝑦 = 5000(1.06)𝑥−2007: “did we have a starting 
value?”, “do we have something that we’re multiplying by each time?”, and “do we have 
a time period?” Through asking these questions, Evelyn focused attention on the forms of 
two different equations 𝑦 = 𝑎𝑏𝑥 and 𝑦 = 5000(1.06)𝑥−2007 and required students to 
compare each of the components across equations. This structure surfaced a fusion since 
two varying dimensions needed to remain in focus: form of the equation and the meaning 
of the individual components. The fusion made it possible to learn Idea E11—the 
equation 𝑦 = 𝑦0(1 + %𝑐ℎ𝑎𝑛𝑔𝑒)
# 𝑜𝑓 𝑦𝑒𝑎𝑟𝑠 𝑠𝑖𝑛𝑐𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑦𝑒𝑎𝑟 fits the form 𝑦 = 𝑎𝑏𝑥.  
Summary of Purpose E3 
 During instruction related to Purpose E3, Evelyn and her class explored an 
exponential context with a percent growth. Evelyn approached the task by focusing 
students on whether the context could be shaped into an equation of the form 𝑦 = 𝑎𝑏𝑥. 
Evelyn created a table of values to record the information within the context and to look 
for patterns in the calculated 𝑦-values. By manipulating the processes for obtaining the 𝑦-
values, Evelyn generated expressions of the form 𝑎𝑏𝑥 and students were able to see a 
pattern and confirm that an equation for a context with a percent change could be written 




Purpose E4: Defining the Characteristics  
of an Exponential Function 
 
Only instruction of Task E11: Characteristics of Exponential Functions fell under 
Purpose E4.  Evelyn launched Task E11 (see Figure 31) by asking students to examine 
the similarities and differences between the graphs of the functions 𝑦 = 2𝑥, 𝑦 = 3𝑥, 𝑦 =
4𝑥, and 𝑦 = 3 ⋅ 2𝑥 as a way to determine the list of exponential function characteristics. 
After students worked individually or in groups, Evelyn brought the class back together 
and moved through each characteristic by focusing attention on one equation at a time. 
Students seemed to be familiar with the meaning of the characteristics from previous 










Idea EP4: Describing the Characteristics  
of Exponential Functions  
During instruction of Task E11: Characteristics of Exponential functions, Idea 
EP4—the functions 𝑦 = 2𝑥, 𝑦 = 3𝑥, 𝑦 = 4𝑥, and 𝑦 = 3 ⋅ 2𝑥 have the following 
characteristics:  
1. Common points are (0, 𝑎) and (1, 𝑎𝑏),  
2. Domain is all real numbers,  
3. Range is 𝑦 > 0,  
4. Asymptotes are all named 𝑦 = 0,  
5. Intercepts: no 𝑥-intercept; 𝑦-intercept at (0,1) for 𝑦 = 2𝑥, 𝑦 = 3𝑥, and 𝑦 =
4𝑥 and (0,3) for 𝑦 = 3 ⋅ 2𝑥,  
6. End behavior: going up as you go to the right; gradually approaching zero 
going to the left, and  
7. The functions are increasing,  
surfaced. Instruction of Task E11 surfaced a contrast and a generalization, making the 
entirety of Idea EP4 possible to learn. The generalization surfaced through the expected 
actions of the students when completing the task while the contrast surfaced from the 
possible thinking students could have engaged in while completing the task. Portions of 
Idea EP4 were also apparent when examining Ideas E12, E13, and E14. 
Emergence of Idea EP4 from Expected Student Actions. At the beginning of 
instruction of Task E11: Characteristics of Exponential Functions, Evelyn drew attention 
to the seven characteristics (see Figure 31 above). She asked students to determine how 
the listed characteristics applied to exponential functions. To do this work, students had 
to hold the meaning of each characteristic in focus while considering the four different 
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functions, 𝑦 = 2𝑥, 𝑦 = 3𝑥, 𝑦 = 4𝑥, and 𝑦 = 3 ⋅ 2𝑥. A generalization for each of the 
seven characteristics could have surfaced from expected student actions if students kept 
each characteristic in focus while considering the different functions. The generalizations 
made it possible for students to be able to describe the nature of the characteristic for the 
four aforementioned equations. For example, the generalization around the domain 
characteristic provided opportunity for students to recognize that for the four exponential 
equations, the domain was all real numbers. Ultimately, the generalizations made it 
possible for students to see that for exponential equations, (a) common points were (0, 𝑎) 
and (1, 𝑎𝑏), (b) domain was all real numbers, (c) range was 𝑦 > 0, (d) asymptotes were 
all named 𝑦 = 0, (e) Intercepts: no 𝑥-intercept; 𝑦-intercept at (0,1) for 𝑦 = 2𝑥, 𝑦 = 3𝑥, 
and 𝑦 = 4𝑥 and (0,3) for 𝑦 = 3 ⋅ 2𝑥, (f) end behavior: going up as you go to the right; 
gradually approaching zero going to the left, and (g) the functions were increasing. 
At the close of instruction, the board contained descriptions of all the 
characteristics respective to exponential functions (see Figure 32). Earlier, during 
instruction, Evelyn mentioned students had seen the listed characteristics before for other 
types of functions. While working to fill in each characteristic, students might have 
compared the nature of each characteristic to those for other functions. For example, 
students might have compared the range characteristic across exponential and linear 
functions establishing the range of an exponential function as different than the range of a 
linear function. The potential contrasts provided students with the opportunity to situate 
the stated characteristics of exponential functions with respect to other function types, 
further enhancing the potential student understanding of the characteristics related to 






Figure 32. The completion of Task E11: Characteristics of Exponential Functions. 
 
 
Emergences of Portions of Idea EP4 from Sub-Ideas. Combined, Ideas E12, 
E13, and E14 captured details related to three of the seven characteristics established in 
Idea EP4: common points, asymptotes, and 𝑦-intercepts, respectively. Given the focus of 
Idea EP4 on the characteristics of exponential functions, each of those three 
characteristics was necessary for students to grasp part of Idea EP4. Idea E12 established 
two general common points for equations of the form 𝑦 = 𝑎𝑏𝑥 as (0, 𝑎) and (1, 𝑎𝑏).  
Idea E12 provided opportunity for students to see the connection between an exponential 
equation and two common points. The surfacing of Idea E12 relied on the established 
meanings for the equation 𝑦 = 𝑎𝑏𝑥 and on students’ capability for recognizing that an 
equation like 𝑦 = 2𝑥 was of the form 𝑦 = 𝑎𝑏𝑥, where 𝑎 = 1 and 𝑏 = 2. Ideas E13 and 
E14 surfaced via single types of brief variation. Idea E13 described the naming of the 
horizontal asymptote, 𝑦 = 0, while Idea E14 supported students in identifying common 
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𝑦-intercepts across two cases of equations. Although Ideas E13 and E14 contributed to 
building Idea EP4, they were the product of variation occurring briefly while focused on 
the associated characteristics. In fact, most of the variation related to Task E11: 
Characteristics of Exponential Functions built toward establishing Idea E12. Whole-class 
instruction around three of the seven characteristics contained variations visible to an 
observer (discussed below). However, it was possible to learn the entirety of Idea EP4 
when examining the potential variation mentioned when looking more broadly at the 
instruction of Task E11: Characteristics of Exponential Functions.  
Idea E12: Common Points 
Whole-class instruction to establish the common points among the functions 𝑦 =
2𝑥, 𝑦 = 3𝑥, 𝑦 = 4𝑥, and 𝑦 = 3 ⋅ 2𝑥 occurred in two non-consecutive parts during Task 
E11: Characteristics of Exponential Functions. The class discussed the characteristics of 
common points for equations of the form 𝑦 = 𝑎𝑏𝑥 at the beginning and the end of Task 
E11: Characteristics of Exponential Functions and referenced the common point, (0, 𝑎), 
during discussion of the intercept characteristic. Instruction of the common points 
surfaced Idea E12: common points of the equations 𝑦 = 2𝑥, 𝑦 = 3𝑥, 𝑦 = 4𝑥, and 𝑦 = 3 ⋅
2𝑥 were (0, 𝑎) and (1, 𝑎𝑏).  
At the beginning of whole-class instruction of common points, Evelyn confirmed 
a student assertion of (0,1) being a common point and the 𝑦-intercept of 𝑦 = 2𝑥, 𝑦 = 3𝑥. 
The class then identified (0,3) as the 𝑦-intercept of 𝑦 = 3 ⋅ 2𝑥. Evelyn documented the 
associated functions within two different cases (see Figure 33) and continually discussed 
the functions with respect to their grouping:  
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Case 1: functions with a common point/𝑦-intercept of (0,1) are 𝑦 = 2𝑥, 𝑦 = 3𝑥, 
and 𝑦 = 4𝑥 
Case 2: function with a 𝑦-intercept of (0,3) is 𝑦 = 3 ⋅ 2𝑥. 
 
 
Figure 33. Two different groups of the exponential equations. 
 
 
Distinguishing the two cases provided a contrast of the 𝑦-intercept. The focus of 
attention was on the 𝑦-intercept, which varied across the two cases. The contrast 
introduced the idea that the y-intercept, (0,1), of the functions 𝑦 = 2𝑥, 𝑦 = 3𝑥, and 𝑦 =
4𝑥 was a common point but was different than the y-intercept, (0,3), for the function 𝑦 =
3 ⋅ 2𝑥. 
Evelyn then shifted the focus of attention to the 𝑎-value in the general equation 
𝑦 = 𝑎 ⋅ 𝑏𝑥 and reminded students the 𝑎-value was the starting point or 𝑦-intercept. 
Equating the two terms in relation to the 𝑎-value introduced a contrast—the 𝑎-value 
remained the focus with two associated meanings. The contrast introduced the idea that 
the 𝑎-value in the equation 𝑦 = 𝑎𝑏𝑥 was the starting point or 𝑦-intercept. 
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Keeping the focus of attention on the 𝑦-intercept or 𝑎-value, Evelyn highlighted 
the correspondence between the 𝑎-value of 1 in 𝑦 = 2𝑥, 𝑦 = 3𝑥, and 𝑦 = 4𝑥 and the 𝑦-
value in their common point (0,1). This exchange surfaced a generalization—the focus 
was on the invariant 𝑎-value across the three different functions. The generalization 
surfaced the idea that 𝑦 = 2𝑥, 𝑦 = 3𝑥, and 𝑦 = 4𝑥 had an 𝑎-value of 1 and their 𝑎-value 
was related to the 1 in their common point—the 𝑦-intercept (0,1). 
Evelyn shifted attention to the function 𝑦 = 3 ⋅ 2𝑥. She again highlighted the 
relationship between the 𝑎-value and the 𝑦-intercept, which created a fusion—the 𝑎-
value varied across the two cases of functions. The fusion made it possible to learn that 
the 𝑎-value of a function of the form 𝑦 = 𝑎𝑏𝑥 was related to the 𝑦-value in the common 
point or 𝑦-intercept.  
The class then discussed the other characteristics but returned to the common 
point characteristic when a student summarized the aforementioned ideas: when the 𝑎-
value of an exponential function is 1, the common point is (0,1) and when the 𝑎-value of 
an exponential function is 3 the common point is (0,3). The student concluded the 
common point for all exponential functions was (0, 𝑎). The exchange kept the 
relationship between the 𝑎-values and the 𝑦-values of the common points invariant and in 
focus while varying the equation considered, creating a generalization. The generalization 
refined the previous idea and made it possible to learn that exponential functions of the 
form 𝑦 = 𝑎𝑏𝑥 had a common point of (0, 𝑎). 
Evelyn then asked students whether they noticed another common point between 
the four exponential functions. She directed attention to the 𝑦-values corresponding to 𝑥-
values of 1. Evelyn had students find the 𝑦-values when 𝑥 is 1 and compare the 𝑦-value 
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to the parameter values in the associated equation. A student examining the table for 𝑦 =
3𝑥 suggested a 𝑦-value of 𝑏 when 𝑥 is 1. Evelyn then directed attention to the fourth table 
for 𝑦 = 3 ⋅ 2𝑥, prompting students to confirm or deny the conjecture. Another student 
volunteered that the 𝑦-value should be 𝑎𝑏, which Evelyn accepted, writing (1, 𝑎𝑏) on the 
board under the common points characteristic. The exchange surfaced a contrast where 
the focus was on the general 𝑦-value for which there were two options: 𝑏 or 𝑎𝑏, when 𝑥 
is 1. The contrast surfaced Idea E12—(1, 𝑎𝑏) is a common point for exponential 
equations of the form 𝑦 = 𝑎𝑏𝑥. 
Idea E13: Horizontal Asymptote 
At the end of the discussion of the range characteristic during Task E11: 
Characteristics of Exponential Functions, a student mentioned the presence of a 
horizontal asymptote for all four functions and Evelyn shifted discussion to address the 
asymptote characteristic by asking, “what’s the name? It’s either 𝑥 equals something or 𝑦 
equals something.” As part of the discourse, the class decided the name was 𝑦 = 0. The 
interaction kept the focus on the horizontal asymptote name of which two options (e.g., 𝑥 
equals or 𝑦 equals) were given and the answer 𝑦 = 0 was recorded. The contrast surfaced 
Idea E13—the name of the horizontal asymptote for all the functions is 𝑦 = 0. 
Idea E14: The 𝒚-Intercept 
After recording the horizontal asymptote, Evelyn shifted the focus of attention to 
the intercepts characteristic and mentioned they had discussed them already. When a 
student related the 𝑦-intercepts to the common points of the functions, Evelyn 
summarized and reiterated the first three functions, 𝑦 = 2𝑥, 𝑦 = 3𝑥, and 𝑦 = 4𝑥 had a 
common point (0,1) which was a 𝑦-intercept, and the last function 𝑦 = 3 ⋅ 2𝑥 had a y-
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intercept of (0,3) because of the coefficient of 3. By referencing and comparing the 
previously established cases during Idea E12 in relation to the y-intercept, a contrast 
surfaced.  The idea that the y-intercept for 𝑦 = 2𝑥, 𝑦 = 3𝑥, and 𝑦 = 4𝑥 is (0,1) while the 
y-intercept for 𝑦 = 3 ⋅ 2𝑥 was (0,3) was repeated from the common points discussion, 
surfacing Idea E14, the 𝑦-intercept was at (0,1) for 𝑦 = 2𝑥, 𝑦 = 3𝑥, and 𝑦 = 4𝑥 and 
(0,3) for 𝑦 = 3 ⋅ 2𝑥. 
Summary of Purpose E4 
Instruction related to Purpose E4 made it possible for students to learn the nature 
of seven characteristics of exponential functions: (a) common points, (b) domain, (c) 
range, (d) end behavior, (e) intercepts, (f) asymptotes, and (g) one-to-one. The class 
discussed and documented descriptions of each characteristic. The discussion and 
recording of the characteristic descriptions made it possible to learn what Evelyn 
recorded on the board.  Whole-class discussion of three characteristics (common points, 
intercepts, and asymptotes) provided additional opportunity to learn what Evelyn 
documented. The instruction around the three characteristics made it possible for students 
to learn that exponential functions had common points of (0, 𝑎) and (1, 𝑎𝑏) when the 
equation was of the form 𝑦 = 𝑎𝑏𝑥, the asymptote for equations of the form 𝑦 = 𝑎𝑏𝑥 was 
𝑦 = 0, and the 𝑥-intercept was the same as a common point, (0, 𝑎).  
Purpose E5: Developing Equations  
for Tables and Graphs Using  
Characteristics and the  
Form 𝒚 = 𝒂𝒃𝒙 
  
Like Purpose E4, Purpose E5 pertained to only one task, Task E12: Writing 
Equations from Tables and Graphs. Evelyn assigned Task E12 for homework the night 
before the recorded observation and students brought their work to class. The task 
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required students to formulate equations of the form 𝑦 = 𝑎𝑏𝑥 given a table of values 
where Δ𝑥 = 1 or a graph. After students compared their answers and strategies for 
finding the equations, the class discussed equations and strategies for two tables and two 
graphs (see Figure 34).  
Instruction of Task E12: Writing Equations from Tables and Graphs made it 
possible to learn the overarching idea, Idea EP5: We can write exponential equations of 
the form 𝑦 = 𝑎𝑏𝑥 given a table of values or a graph by considering the 𝑦-intercept and 
the point when 𝑥 is 1, as well as the specific strategies for writing the exponential 





Figure 34. Task E12: Writing Equations from Tables and Graphs. 
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Idea EP5: Writing Equations from  
Tables and Graphs 
Idea EP5—given a table of values with Δ𝑥 = 1 or a graph, we can write 
exponential equations of the form 𝑦 = 𝑎𝑏𝑥 by considering the 𝑦-intercept and the 𝑦-
value when 𝑥 is 1—emerged during instruction of Task E12: Writing Equations from 
Tables and Graphs. Instruction of Task E12 focused on establishing a method or strategy 
for converting from table of values or a graph to an equation. Evelyn facilitated 
discussion around creating equations from two tables (top of Figure 34) and from two 
graphs (bottom of Figure 34). Given the surfacing of Idea EP5 occurred during a single 
task, the surfacing of Idea EP5 could be seen through a single perspective: as a 
culmination of Idea E15 and Idea E16, which made it possible to discern strategies for 
converting from a table of values or from a graph to an equation. Separately, the two 
ideas articulated how one should consider the 𝑦-intercept and the point when 𝑥 was 1 for 
their separate conversion. Looking across the two ideas with the focus on strategies for 
writing an equation, a generalization occurred where the method remained the same but 
the type of conversion varied. 
Seen holistically, Evelyn’s instruction of Task E12: Writing Equations from 
Tables and Graphs focused on establishing methods for writing equations from tables of 
values and graphs. The first segment of instruction focused on a strategy for writing an 
exponential equation from a table of values where Δ𝑥 = 1. Whole-class discussion 
progressed from problem 7 (top right in Figure 34) and to problem 5 (top left in Figure 
34). Viewed through the focus of establishing a method, the movement from problem 7 to 
problem 5 developed a generalization where the overall method for writing an equation 
remained invariant while the functions themselves varied. The method involved finding 
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the 𝑦-value associated with the 𝑦-intercept to use as the 𝑎-value and uncovering what 
was multiplied by each time to use as the 𝑏-value in the equation 𝑦 = 𝑎𝑏𝑥, further 
articulated in Idea E15. 
The discussion for creating equations from two graphs (bottom row of Figure 34) 
progressed similarly. Whole-class discussion began with the bottom left graph and 
continued with the bottom right graph. A strategy for writing an exponential equation 
from a graph arose via a generalization across problems since the strategy remained 
invariant while the functions varied. The method involved finding the 𝑦-intercept and 
using the 𝑦-value as the 𝑎-value and then finding what was multiplied by each time by 
considering the point when 𝑥 was 1 or (1, 𝑎𝑏). The method was further articulated in the 
description of the surfacing of Idea E16. 
Looking across these two methods with a focus on the strategy for writing an 
exponential equation, a generalization occurred that gave rise to Idea EP5. Specifically, 
the strategy for obtaining an exponential equation remained the same while the type of 
conversion varied from starting with a table of values to starting with a graph. The 
strategy remained the same in that each individual strategy relied on examination of the 
𝑦-value of the 𝑦-intercept and finding what was multiplied by each time through 
examining the 𝑦-value when 𝑥 = 1.  
Both Ideas E15 and E16 surfaced important attributes of Idea EP5. Foundational 
to discerning Idea EP5 were the role of the 𝑦-intercept and the role of the 𝑦-value when 
𝑥 = 1. Ideas E15 and E16 established the importance of both roles for the conversion of a 
table of values to an exponential equation and the transformation of a graph to an 
exponential equation, respectively.  
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Idea E15 allowed students to see the role of the 𝑦-intercept and the role of the 𝑦-
value when 𝑥 = 1 with respect to relating a table of values with Δ𝑥 = 1 and an equation 
of the form 𝑦 = 𝑎𝑏𝑥. Idea E15 included the role of the 𝑦-intercept in creating the 
equation in terms of the usefulness of the 𝑦-value of the 𝑦-intercept, specifically, the 
value for 𝑎. The role of the 𝑦-value when 𝑥 = 1 was more subtle.  Since the class had 
previously defined the 𝑏-value as what was multiplied by each time, the role of the 𝑦-
value when 𝑥 = 1 was the point of reference students used to find the multiplier. In other 
words, the 𝑦-value when 𝑥 = 1 could be used to find the multiplier if one considered the 
value one must multiply by the 𝑦-value of the 𝑦-intercept to get to the 𝑦-value when 𝑥 =
1.  
Idea E16 articulated similar roles for the 𝑦-intercept and the 𝑦-value when 𝑥 = 1 
for transforming a graph to an equation. One difference, however, arose in the use of the 
common points of exponential functions established during Purpose E4. In particular, the 
strategy described for obtaining an equation from a graph explicitly referenced the 𝑦-
intercept as (0, 𝑎) and the point when 𝑥 = 1 as (1, 𝑎𝑏). The explicit reference both 
refined and extended the roles of the 𝑦-intercept and the 𝑦-value when 𝑥 = 1 by making 
connections between the 𝑦-values of each of the points and the 𝑎 and 𝑏 values in the 
equation 𝑦 = 𝑎𝑏𝑥.  
Idea E15: Writing Equations from  
a Table 
Idea E15—we can obtain an equation from a table of values where Δ𝑥 = 1 by 
examining the y-value when 𝑥 is zero, which is the value for 𝑎, and what the 𝑎 value is 
being multiplied by to get to the next point, which is the value for 𝑏—emerged from the 
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instruction of finding the equations of the tables of values pictured in the top of Figure 
34. Whole-class instruction began with problem 7 (pictured top right in Figure 34). A 
selected student described their process for finding the equation 𝑦 = 6 ⋅ 2𝑥: first identify 
the 𝑦-value when 𝑥 is zero to get 𝑦 = 6 and then notice from the 𝑦-value of 6 to the next 
𝑦-value of 12 requires multiplying by 2, which gives the equation 𝑦 = 6 ⋅ 2𝑥. The 
exchange created a contrast where the representation of the function varied from table of 
values to an equation while the function remained the same. Since a method of 
transformation accompanied the contrast, the interactions made it possible to learn that 
we could establish the equation 𝑦 = 6 ⋅ 2𝑥 from a table of values by examining the initial 
value and the multiplicative factor from the 𝑦-values associated with 𝑥 = 0 to 𝑥 = 1.  
Moving to problem 5, Evelyn maintained the focus on the strategy for obtaining 
an equation by asking another student to describe how they found their equation. The 
student described a similar process: look for the 𝑦-value when 𝑥 was zero and then find 
out what to multiply the 𝑦-values by each time by looking from the 𝑦-value associated 
with 𝑥 = 0 to the 𝑦-value associated with 𝑥 = 1. Evelyn scribed the reported equation as 
𝑦 = 5𝑥. In relation to problem 5, this interaction surfaced a contrast similar to the above: 
the representation varied from a table of values to an equation while the function 
remained invariant. The contrast made it possible to learn that we could establish the 
equation 𝑦 = 5𝑥 by examining the initial value and the multiplicative factor from the 𝑦-
values associated with 𝑥 = 0 to 𝑥 = 1. 
Looking across the instruction for problems 7 and 5, a generalization surfaced. 
With a focus on the strategy for finding the equation from a table of values, the method 
remained invariant while the functions varied. The generalization made it possible for 
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students to separate the strategy for finding the equation from the tables of values for 
which they found an equation. In other words, the generalization made it possible to learn 
that we could obtain an equation from a table of values where Δ𝑥 = 1 by examining the 
y-value when 𝑥 was zero, which was the value for 𝑎, and what the 𝑎 value was being 
multiplied by to get to the next point, which was the value for 𝑏.  
Idea E16: Writing Equations from  
a Graph 
Idea E16—by looking at the common points (1, 𝑎𝑏) and (0, 𝑎) on a graph, we can 
obtain the equation 𝑦 = 𝑎𝑏𝑥—emerged during instruction pertaining to creating 
equations for the two graphs in the bottom of Figure 34. After discussing the equations 
for the two tables of values, Evelyn shifted attention to writing equations from the 
graphical representations. For the first graph (bottom left of Figure 34), Evelyn recorded 
the equation 𝑦 = 3𝑥 and asked a student to describe their process of obtaining that 
equation. The student described looking first at the common point (1, 𝑎𝑏), which was 
(1,3) and deducing that 𝑎 and 𝑏 in the equation 𝑦 = 𝑎𝑏𝑥 would be 1 and 3, respectively. 
Evelyn confirmed the focus of the exchange was on the transformation from graph to 
equation, creating a contrast where the representations varied while the function remained 
invariant. The contrast coupled with the verbal explanation introduced the idea that to 
obtain the equation 𝑦 = 3𝑥 from the graphical representation, examine the common point 
(1, 𝑎𝑏). 
Evelyn then shifted conversation to obtaining an equation from the second graph 
(bottom right of Figure 34). Evelyn solicited a strategy for obtaining the equation 𝑦 = 3 ⋅
2𝑥 from the graph. The student described examining the point (0,3) to find the initial 
value of 3 for the 𝑎-value and thinking about the value to multiply by 3 to get to 6 (the y-
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values for the points (0,3) and (1,6) in Figure 34) to obtain the 𝑏-value of 2.  The 
conversation focused on the transformation of the graph to the equation 𝑦 = 3 ⋅ 2𝑥, 
creating a contrast where the representation varied and the function remained invariant. 
The contrast made it possible to learn that we could write the equation 𝑦 = 3 ⋅ 2𝑥 from a 
graphical representation by attending to the initial value of (0,3) and how the function 
grew. 
Stacking the transformation of two graphs to equations in succession created a 
generalization where the method for obtaining the equation from the graphical 
representation remained the same while the graphs varied. The generalization made it 
possible for students to see that looking at the common points (1, 𝑎𝑏) and (0, 𝑎) on a 
graph, we could obtain the equation 𝑦 = 𝑎𝑏𝑥.  
Summary of Purpose E5 
Evelyn’s instruction related to Purpose E5 made it possible for students to see 
strategies for converting from tables of values or graphs to exponential equations of the 
form 𝑦 = 𝑎𝑏𝑥. During whole-class instruction, Evelyn solicited strategies from students. 
She had students describe their methods for generating equations from two tables of 
values, followed by how to obtain equations from two graphs. During the whole-class 
instruction, Evelyn compared the methods. Ultimately, Evelyn made it possible to learn 
that to develop an equation from a table of values with Δ𝑥 = 1 or from a graph, consider 
the 𝑦-intercept and the 𝑦-value when 𝑥 is 1.  
Summary of Evelyn’s Case 
 
Analysis of Evelyn’s instruction revealed a focus on developing and using 
meaning of mathematical objects related to exponential functions. Enactment of tasks 
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related to Purpose E1 made it possible for students to learn how to write an expression of 
the form 𝑖𝑛𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × 𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0 from an exponential context with a growth 
factor. From Purpose E2, Evelyn made it possible for students to learn definitions of the 
variables and parameters of the equation 𝑦 = 𝑎𝑏𝑥 through comparing three exponential 
contexts and their respective equations. During Purpose E3, students had the opportunity 
to learn the applicability of the equation 𝑦 = 𝑎𝑏𝑥 to an exponential context with a 
percent growth. During instruction related to Purpose E4, Evelyn made it possible for 
students to learn the nature of seven characteristics of exponential functions with a 
special focus on common points, 𝑦-intercept, and the asymptote, 𝑦 = 0. Finally, 
instruction related to Purpose E5 provided students with opportunities to learn strategies 
to convert from tables of values where Δ𝑥 = 1 or graphs to an equation of the form 𝑦 =
𝑎𝑏𝑥.   
The Case of Gabe 
Gabe’s three days of recorded instruction on exponential functions surfaced five 
purposes, five overarching ideas, and 20 sub-ideas across 14 relevant tasks (see Table 
13). Analysis of Gabe’s enactment of the 14 tasks indicated that groups of tasks worked 
toward each of the five purposes with only one task: Task G16: Developing 𝑒, 
contributing to multiple purposes. Table 14 provides a list of full labels for the purposes, 





Overview of Gabe’s Instruction 
 
 Day 1 Day 2 Day 3 
  
 




Idea G1                           
Idea G2                    
Idea G3                     
Idea G4 
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Idea G11                      
Idea G12 




Idea G13                             
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Idea G15 
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Idea G18                     
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Idea G20 















Gabe’s Purposes, Overarching Ideas, and Sub-Ideas 
 





using the form 𝑦 =
𝑎𝑏𝑥 
Idea GP1: We can convert 
between 1) an equation of the 
form y = abx to a table of 
values and from a table of 
values to a graph, and 2) from 
a table of values or a graph to 
an equation of the form y =
abx. To convert, appeal to the 
meaning of a as y-intercept, 
and b as what we are 
multiplying by each time. 
Idea G1: To write equations given a table of values where the x-values go up by 1, we start by figuring out how the 
y-values are changing. Then, we identify the initial value (y-intercept) and use the information about what we are 
multiplying by each time going down the table to formulate an equation of the form y = y-
intercept(what we are multiplying by each time)x 
Idea G2: We can find what we are multiplying by each time by dividing two, consecutive y-values in a table where 
the x-values go up by 1 
Idea G3: We can use an equation of the form 𝑦 = 𝑎𝑏𝑥 to fill in a table where Δ𝑥 = 1. First, take 𝑎 to be the y-
intercept/value at zero. Then multiply by 𝑏 going down the table and divide by 𝑏 (or multiply by 
1
𝑏
) going up the 
table. 
Idea G4: To write an exponential equation of the form 𝑦 = 𝑎𝑏𝑥 from a table or graph, first find the y-intercept, or 
value at zero, to plug in for 𝑎. Then find what you are multiplying by each time and plug in for 𝑏. 
   
Purpose G2: 
Describing three 
different forms of 
exponential functions: 
𝑦 = 𝑎𝑏𝑥, 𝑦 = 𝑎𝑟𝑡, 
and 𝑦 = 𝑎(1 + 𝑟)𝑡 
Idea GP2: There are three 
different forms of exponential 
functions, y = abx, y = art, 
and y = a(1 + r)t. 
Idea G5: In the exponential function form 𝑦 = 𝑎𝑏𝑥, a is the “𝑎-riginal”, value at zero, or y-intercept; 𝑏 is the rate 
multiplied or amount you’re multiplying by.  
Idea G6: An exponent of 𝑥 in an exponential function represents the number of times you’re multiplying by the base, 
𝑏, while an exponent of 𝑡 represents time 
Idea G7: An exponential function of the form 𝑦 = 𝑎𝑟𝑡 has restrictions on 𝑟. When 𝑟 > 1 the function is increasing 
(exponential growth) and when 𝑟 < 1 the function is decreasing (exponential decay). 
   
Purpose G3: Solving 
problems that fit the 
form 𝑦 = 𝑎𝑟𝑡 
 
Idea GP3: We use the same 
methods to solve word 
problems that are exponential. 
Idea G8: We can use the information within a word problem to create an equation of the form y = art. 








Idea G10: We can use the equation 𝑦 = 𝑎𝑟𝑡 to find future and past y-values just by changing the exponent, 𝑡. For 
future 𝑦-values the 𝑡 value will be positive; for past 𝑦-values the 𝑡 value will be negative. 
Idea G11: The average annual rate of change (increase) can be found from the 𝑟 value by dropping the 1 out front 
and moving the decimal two places 
Idea G12: If we are given a context that contains an average annual rate of change as a percent, we find 𝑟 by starting 












Table 14 Continued 
Purpose Overarching Ideas Sub-Ideas 
Purpose G4: Solving 
problems involving 
compound interest 
Idea GP4: We use various 
formulas to calculate simple 
interest (I = PRT), yearly 
compounding (y = Prt), and 





) by plugging in given values 
for P, R, and t. The value of n in 





 changes based on 
the number of compounds; the 
greater the number of compounds 
the greater the end balance and 
amount of interest. 
Idea G13: We must use different equations to calculate simple interest, yearly compounding and quarterly, 
monthly, and daily compounding. The simple interest formula is 𝐼 = 𝑃𝑅𝑇, the yearly compounding formula 











, simply change the value of 𝑛 to calculate the ending 
balance for different amounts of compounding (i.e. quarterly, monthly, or daily). 
Idea G15: Given the same financial context, increasing the number of compounds will increase the end 
balance and amount of interest you make or the end loan balance. 
   
Purpose G5: Developing 
𝑒 and using “Pert” 
equation to solve 
problems 
Idea GP5: The number 𝑒 can be 
found through various methods; we 
need 𝑒 for the “Pert” equation 
which we use for contexts dealing 
with continuous compounding, 
bacteria, or radioactive decay. 






which we can use to figure out the balance after 𝑛 compounds 





 generates smaller and smaller differences between current and 
previous balance values. Since there are increasing balance values whose differences are decreasing, we have 
an asymptote. 







= 𝑒. The value of 𝑒 can 
also be found with ∑
1
𝑛!
 ∞𝑛=1 . 
Idea G19: We need 𝑒 for the “Pert” equation which we use for three contexts: 1) continuous compounding, 
2) bacteria, or 3) radioactive decay. 
Idea G20: In 𝑃𝑒𝑟𝑡, the parameters 𝑃 and 𝑡 work the same as before, but the 𝑟 value no longer needs to start 











Emergence of Instructional Themes 
 
Gabe’s instruction across the three days of instruction included five purposes: 
1. Purpose G1: Converting between representations of exponential functions, 
2. Purpose G2: Describing three different forms of exponential functions: 𝑦 =
𝑎𝑏𝑥, 𝑦 = 𝑎𝑟𝑡, and 𝑦 = 𝑎(1 + 𝑟)𝑡, 
3. Purpose G3: Solving problems that fit the form 𝑦 = 𝑎𝑟𝑡, 
4. Purpose G4: Solving problems involving compound interest, and 
5. Purpose G5: Developing 𝑒 and using “Pert” equation to solve problems. 
A broad examination of Gabe’s instruction across the three lessons presented a theme: 
providing methods for using exponential equations to solve problems. While portions of 
instruction from Purposes G1 and G5 assisted in identifying the theme, the theme was 
most apparent during instruction related to Purposes G3 and G4. Throughout whole-class 
instruction connected with Purpose G3, Gabe led the class in using the exponential 
equation 𝑦 = 𝑎𝑟𝑡 to solve contextual problems. The similarity of both the problem types 
and the methods Gabe modeled to solve the problems provided students with the 
opportunity to extrapolate methods for finding the value of 𝑟, future and past 𝑦-values, 
and the average annual rate of change. Once the class finished multiple, similarly 
structured problems solvable with use of the equation 𝑦 = 𝑎𝑟𝑡, Gabe introduced formulas 
for solving problems related to interest in Purpose G4. In particular, Gabe showed how to 





, to examine interest and total 
amount related to three contextual problems. Figure 35 depicts each of the five purposes 







Gabe’s instruction was easily separated into five distinct purposes based on the 
types of problems and methods made possible to learn from solving those problems (see 
Figure 35). The only exception was Purpose G2, which contained Gabe’s instruction to 
describe the different forms of exponential functions (e.g., 𝑦 = 𝑎𝑏𝑥, 𝑦 = 𝑎𝑟𝑡, and 𝑦 =
𝑎(1 + 𝑟)𝑡). Instruction related to Purpose G1 provided opportunities for students to see 
how to convert between a table of values where Δ𝑥 = 1 and an exponential equation of 
• Converting between an equation and a table 
of values
• converting from a table of values to a graph
• converting from a graph to an equation
Purpose G1
𝑦 = 𝑎𝑏𝑥
• defining components of the three equations
Purpose G2
𝑦 = 𝑎𝑏𝑥, 𝑦 = 𝑎𝑟𝑡, 𝑦 =
𝑎 1 + 𝑟 𝑡
• solving for r in two ways
• finding future and past values for y
• finding average annual rate of change
Purpose G3
𝑦 = 𝑎𝑟𝑡
• using the compound interest formula for 
compounding problems where there is 
variation in the number of compounds
Purpose G4








Figure 35. Methods surfaced from each purpose. 
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the form 𝑦 = 𝑎𝑏𝑥, and from a table of values where Δ𝑥 = 1 to a graph. All conversions 
within Purpose G1 relied heavily on knowing and applying the definitions of the 
parameters 𝑎 and 𝑏 in the equation 𝑦 = 𝑎𝑏𝑥 set up in Purpose G1 but explicitly defined 
in Purpose G2. Under Purpose G3, Gabe solved problems using the equation 𝑦 = 𝑎𝑟𝑡. 
The problems tackled by Gabe in a whole-class setting made it possible for students to 
learn methods to solve for 𝑟 in two ways: to find future and past values of 𝑦 and the 
average annual rate of change (increase). Instruction for Purpose G4 focused primarily on 






. During instruction, Gabe made it possible for students to see how to use the 
compound interest formula, highlighting 𝑛 as referring to the number of compounds. 
Purpose G5 included instruction to develop the value 𝑒 for use in the equation 𝐴 = 𝑃𝑒𝑟𝑡 
for continuous compounding. Ultimately, Gabe modeled how to use the equation 𝐴 =
𝑃𝑒𝑟𝑡 to solve a problem where continuous compounding was required and told students 
other potentially relevant scenarios. 
Purpose G1: Converting Between  
Representations of Exponential  
Functions   
 
Instruction related to Purpose G1 surfaced Idea GP1—we can convert between 1) 
an equation of the form 𝑦 = 𝑎𝑏𝑥 to a table of values and from a table of values to a 
graph, and 2) from a table of values or a graph to an equation of the form 𝑦 = 𝑎𝑏𝑥 by 
appealing to the meaning of 𝑎 as 𝑦-intercept and 𝑏 as what we are multiplying by each 





1. Task G1: Writing Equations from Filled-In Tables 
2. Task G4: Filling in Tables and Graphing 
3. Task G5: Writing Equations from a Table and Graphs 
Second was by examining the sub-ideas with a focus on establishing strategies or 
methods for converting between two different representations of an exponential function. 
Task G1: Writing Equations from Tables (see Figure 36) occurred during the first day of 
instruction while Task G4: Filling in Tables and Graphing (see top of Figure 37) and 
Task G5: Writing Equations from a Table and Graphs were part of the warm-up for day 2 
(see bottom of Figure 37). 
 
 





Figure 37. First warm-up slide for day 2; Task G3 and Task G4. 
 
 
Task G1: Writing Equations from Filled-in Tables contained three columns, 𝑦5, 
𝑦6, and 𝑦7, for students to fill in according to the pattern and then develop an equation.  It 
is important to note that at this time students had not seen the equation 𝑦 = 𝑎𝑏𝑥 nor had 
the class established definitions for the parameters 𝑎 and 𝑏. Although students had time 
to fill in the values and create equations, Gabe modeled filling in the tables and writing 
the equations for each column. Gabe consistently developed the equations by first finding 
the 𝑦-value of the 𝑦-intercept and then invited input for what was being multiplied by 
each time.  For 𝑦5 and 𝑦6, Gabe relied on simple observation of the tables to find both the 
𝑦-value of the 𝑦-intercept and the multiplication factor. For 𝑦7, Gabe found the 𝑦-value 




Gabe presented Task G4: Filling in Tables and Graphing and Task G5: Writing 
Equations from a Table and Graphs together on the front board. At the top of the tasks, 
Gabe reminded students about the equation 𝑦 = 𝑎𝑏𝑥 and the meaning of the parameters 𝑎 
and 𝑏. He referenced those meanings throughout instruction of both tasks. Task G4 
included two exponential equations of the form 𝑦 = 𝑎𝑏𝑥 from which students needed to 
fill in a table of values and graph. He modeled how to fill in the table from the equation 
𝑦 = 2(3)𝑥 by first inserting 2 for the 𝑦-value when 𝑥 = 0 and then multiplying the 2 by 
3 to move down the table and dividing by 3. He then plotted and connected the points he 
filled in to create a graph. Gabe enacted similar instruction for the next equation, 𝑦 =
4(. 05)𝑥 with the exception of including two ways to fill in the table of values moving 
up: dividing by 0.5 or multiplying by 2.  
Gabe began whole-class discussion of Task G5: Writing Equations from a Table 
and Graphs by appealing to the definitions of the parameters in the equation 𝑦 = 𝑎𝑏𝑥 at 
the top of Task G4. He then asked students to identify the 𝑦-intercept, which he would 
write in for 𝑎 after 𝑦 =, and then for what was being multiplied by each time, which 
Gabe would write in for 𝑏, adding the 𝑥 in the exponent. While this method worked for 
the left and right problems in the task, the middle graph was also converted up by one 
unit. Gabe instructed students to change the graph to reflect the equation they got by 
finding the 𝑦-intercept and multiplicative factor. 
Whole-class instruction of each of the three tasks gave rise to separate sub-ideas 
with Task G1 surfacing Idea G1 and Idea G2, Task G4 surfacing Idea G3, and Task G5 
surfacing Idea G4. The combination of the sub-ideas along with the variation of problem 
type across the tasks surfaced Idea GP1. 
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Idea GP1: Converting Among  
Representations 
Idea GP1—we can convert between 1) an equation of the form 𝑦 = 𝑎𝑏𝑥 to a table 
of values and from a table of values to a graph, and 2) from a table of values or a graph to 
an equation of the form 𝑦 = 𝑎𝑏𝑥; to convert, appeal to the meaning of 𝑎 as 𝑦-intercept, 
and 𝑏 as what we are multiplying by each time—emerged from two perspectives on 
Gabe’s instruction: 1) across instruction of Tasks G1, G4, and G5, and 2) as a 
combination of Ideas G1, G2, G3, and G4. The first perspective surfaced variation when 
examining the progression of instruction across the tasks with a focus on converting 
among different representations of exponential functions. The second perspective 
examines the four sub-ideas for necessary dimensions of Idea GP1. 
Emergence of Idea GP1 from Task Instruction. Examination of the variation 
across Task G1: Writing Equations from Filled-in Tables, Task G4: Filling in Tables and 
Graphing, and Task G5: Writing Equations from a Table and Graphs surfaced variation 
with respect to a focus on converting among various function representations. Seen 
through the lens of the focus on converting among representations, the progression from 
Task G1 to Task G4 and the first problem of Task G5 made it possible to learn how to 
move back and forth between a table of values and an equation. Instruction within Task 
G4 made it possible to learn how to construct a graph given a table of values and the 
second and third problems of Task 5 made it possible to learn how to move from a graph 
to an equation. The conversions utilized the definitions of the parameters 𝑎 and 𝑏 in 𝑦 =
𝑎𝑏𝑥 as established during instruction. The constant reliance and reference to the 
definitions of 𝑎 and 𝑏 provided opportunities for students to see converting among  
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representations as a method rooted in establishing the 𝑦-intercept (i.e., 𝑎-value) and what 
is being multiplied each time (i.e., 𝑏-value). 
Viewed through the focus of converting between representations, the movement 
from Task G1 to the first problem in Task G4 revealed a generalization where the method 
of converting (appealing to parameter definitions) remained the same across problems 
while the direction of the conversion changed—first from a table of values to an equation 
and then from an equation to a table of values. The generalization surfaced the idea that 
we could appeal to the parameter definitions of the equation 𝑦 = 𝑎𝑏𝑥 to move between 
tables of values and equations of the form 𝑦 = 𝑎𝑏𝑥. 
Within the first problem of Task G4 (top left in Figure 37 above), converting from 
a table of values to a graph via plotting points generated a contrast since the method of 
converting from one representation changed while the function remained the same. The 
contrast made it possible to learn that to convert from a table of values to a graph, plot 
and then connect the points from the table of values. 
Instruction of problem two within Task G4 (top right in Figure 37 above) 
mirrored the instruction of problem one. As such, a generalization occurred since the 
method of completing the problems (generate a table of values from the equation and 
then plot the points) remained the same while the function varied. The generalization 
connected the above two ideas and made it possible to learn that we could move from an 
equation to a table of values by appealing to the definitions for 𝑎 and 𝑏 in the equation 
𝑦 = 𝑎𝑏𝑥. Furthermore, we could move from a table of values to a graph by plotting and 
connecting the points from the filled in table of values. 
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Shifting from Task G4 to the first problem in Task G5 surfaced a generalization 
where the method of conversion remained the same as within the two problems of Task 
G4 while the direction of the conversion switched (e.g., from equation to table to table to 
equation). Coupled with the previous idea related to converting between a table of values 
and an equation, the generalization made it possible to learn that to move between a table 
of values and an equation, appeal to the definition of 𝑎 as the 𝑦-intercept and 𝑏 as what 
was being multiplied by each time.  
Continuing to the second and third problems within Task G5 (bottom middle and 
bottom right in Figure 37 above) with a focus on converting among function 
representations, two generalizations occurred. The first generalization happened when 
moving to problem two from problem 1 since the method of converting remained the 
same as before (appealing to the definition of the parameters 𝑎 and 𝑏) while the initial 
type of representations changed from a table of values to a graph. This generalization 
made it possible to expand on the ideas surfaced within Task G1, specifically that we 
could convert between a table of values and an equation of the form 𝑦 = 𝑎𝑏𝑥 by 
appealing to the meaning of the parameters 𝑎 and 𝑏.  
The second generalization within Task G5 happened during the shift from 
problem 2 to problem 3. The focus remained on the method of converting, which was the 
same from problem 2 to problem 3, while the function varied (e.g., from 𝑦 = 2(2)𝑥 to 





). This generalization made it possible to learn that we could move from a 
graph to an equation by identifying the 𝑎-value as the 𝑦-intercept and the 𝑏-value as the 




When combined, the sequence of variation types and emergent ideas across Tasks 
G1, G4, and G5 gave rise to the idea that we could convert (a) from an equation of the 
form 𝑦 = 𝑎𝑏𝑥 to a table of values and from a table of values to a graph, and (b) from a 
table of values or a graph to an equation of the form 𝑦 = 𝑎𝑏𝑥. To convert, one must 
appeal to the meaning of 𝑎 as 𝑦-intercept and 𝑏 as what we were multiplying by each 
time.  
Emergence of Idea GP1 from Sub-Ideas. In addition to surfacing across the 
instruction of Tasks G1, G4, and G5, most of Idea GP1 also emerged from combining 
Ideas G1, G2, G3, and G4. With a continued focus on a method for converting among 
function representations, each of the ideas provided the same method for different 
conversions. Analysis of the ideas through the lens of converting among function 
representations highlighted the discernment of a single method to use when converting 
among tables and equations, from a table to a graph, and from a graph to an equation, 
necessary dimensions for the emergence if Idea GP1. Figure 38 depicts the overarching 

























































































































































































Idea G1: To write equations given a table of values where the x-values go up by 1, 
we start by figuring out how the y-values are changing. Then, we identify the 
initial value (y-intercept) and use the information about what we are multiplying 
by each time going down the table to formulate an equation of the form y = y-
intercept(what we are multiplying by each time)x 
Idea G2: We can find what we are multiplying by each time by dividing two, 
consecutive y-values in a table where the x-values go up by 1 
Idea G3: We can use an equation of the form 𝑦 = 𝑎𝑏𝑥 to fill in a table where 
𝛥𝑥 = 1. First, take 𝑎 to be the y-intercept/value at zero. Then multiply by 𝑏 going 
down the table and divide by 𝑏 (or multiply by 
1
𝑏
) going up the table. 
Idea G4: To write an exponential equation of the form 𝑦 = 𝑎𝑏𝑥 from a table or 
graph, first find the y-intercept, or value at zero, to plug in for 𝑎. Then find what 
you are multiplying by each time and plug in for 𝑏. 
 
Figure 38. Gabe’s ideas for Purpose G1. 
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Ideas G1, G2 and G4 articulated methods for obtaining an exponential equation 
from a table of values. Ideas G1 and G2 emerged before Gabe presented the general 
equation 𝑦 = 𝑎𝑏𝑥 and the parameter definitions. Idea G1 established what to attend to 
within a table of values where Δ𝑥 = 1 in order to write an equation; specifically, examine 
what the 𝑦-value was at zero to obtain the 𝑦-intercept and figure out what was being 
multiplied each time to generate an equation of the form y = y-
intercept (what we multiply by each time)x.  
Idea G2 offered another way of finding the multiplicative factor through dividing 
two consecutive y-values. Although emerging after Gabe presented the equation y = abx, 
Idea G4 utilized the same method established in Idea G1 (find the y-intercept and then 
what was being multiplied by each time) but surfaced from explicit use of the equation 
y = abx. Given the similarity across all the ideas pertaining to converting from a table of 
values to an equation, together they made it possible to see an overarching method for 
converting from a table of values to an equation via the definitions of the parameters in 
the equation y = abx as appealing to the meaning of a as the y-intercept and b as what we 
are multiplying by each time. 
Idea G3 articulated a method for filling in a table of values given an equation of 
the form y = abx. Idea G3 established that when given an equation y = abx, place the a-
value as the y-value of the y-intercept and then multiply by the b-value moving down the 
table and divide by the b-value (or multiply by 
1
b
) to move up the table. Together with the 
method established for converting from a table of values to an equation, a complete 
method for converting between a table of values and an equation via the meanings of the 
parameters a and b was established.  
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In addition to contributing to the method for moving from a table of values to an 
equation, Idea G4 established the same method for moving from a graph to an equation, 
namely use the y-intercept to find the a-value and figure out what you multiply by each 
time to find the b-value.  
Together, Ideas G1, G2, G3, and G4 established a method to convert between a 
table of values and an equation as well as from a graph to an equation. What was 
noticeably missing from the sub-ideas, however, was a method for obtaining a graph 
from a table of values—one necessary attribute of Idea GP1. Thus, it was important to 
note that the instruction related to this conversion did not surface a sub-idea. The reason 
was Gabe did not address graphing of the graph for the first problem in Task G4 during 
whole-class instruction, thereby not providing variation across the instruction of the 
problems within Task G4. 
Idea G1: Writing Equations from  
Tables of Values 
Idea G1—to write equations given a table of values where the 𝑥-values go up by 
1, start by figuring out how the 𝑦-values were changing via observation or calculation.  
Then, identify the initial value (𝑦-intercept) and interpret how the 𝑦-values are changing 
in terms of what we are multiplying by each time going down the table to get the 
equation 𝑦 = 𝑦-𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡(𝑤ℎ𝑎𝑡 𝑤𝑒 𝑎𝑟𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝑒𝑎𝑐ℎ 𝑡𝑖𝑚𝑒)𝑥—surfaced from 
instruction of Task G1: Writing Equations from Tables (see Figure 36 above). The intent 
of the task was to first fill in the missing 𝑦-values and then write an equation for each of 
the three tables of values where the 𝑥-values went up by 1. The tables of values were 
situated in columns and labeled 𝑦5, 𝑦6, and 𝑦7. Gabe’s instruction for each column 
surfaced a method for obtaining an equation from a table of values with Δ𝑥 = 1. Since 
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Gabe’s instruction for 𝑦5, 𝑦6, and 𝑦7 followed the same pattern, the method emerged 
from the variation seen when looking across the instruction for each column. For each 
column, he first filled in missing values by focusing on how the 𝑦-values were changing 
and then constructed an equation by identifying the 𝑦-intercept and what they were 
multiplying by going down the table. Variation surfaced across instruction of the three 
columns in relation to these two steps.  
Gabe’s instruction for finding each column began with filling in missing values in 
conjunction with identifying how the 𝑦-values were changing. For both 𝑦5 and 𝑦6, Gabe 
relied on observations to describe a repeated operation for moving down the table and a 
repeated operation for moving up the table (e.g., going down is multiplying by 2 while 
going up is dividing by 2). The different operations for moving down and up the table of 
values surfaced a contrast where the operation varied (e.g., multiplication or division) and 
the value being multiplied remained the same for each respective column. The contrast 
made it possible for students to see that 𝑦-values within a table changed via different 
operations for moving up and for moving down a table.  
When Gabe moved to 𝑦7, he introduced a calculation for figuring out how the 𝑦-
values were changing: dividing two consecutive 𝑦-values. Comparing this method with 
what Gabe did for 𝑦5 and 𝑦6 surfaced a contrast where the method changed from 
observing a pattern to calculating a value. The contrast made it possible to see two ways 
for finding how the 𝑦-values changed: observation or calculation.  
For each column of values, Gabe led a discussion about finding how the 𝑦-values 
changed followed directly by writing an equation for that column. For the 𝑦5 column, 
Gabe asked students for the 𝑦-intercept and what was being multiplied by going down the 
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table. When students supplied him with the respective values, Gabe scribed the 
corresponding value into the equation 𝑦 = 1(2)𝑥. During discussion of the equations for 
𝑦6 and 𝑦7, Gabe referred students back to the form of the equation for 𝑦5 and asked for 
the 𝑦-intercept, or value at zero, and for what was being multiplied by each time. Again, 
as students responded, Gabe scribed the equations for 𝑦6 and 𝑦7 to fit the form 𝑦 = 𝑦-
𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡(𝑤ℎ𝑎𝑡 𝑤𝑒 𝑎𝑟𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝑒𝑎𝑐ℎ 𝑡𝑖𝑚𝑒)𝑥.  By Gabe focusing attention on 
the form of 𝑦5 as a way to structure the equations for 𝑦6 and 𝑦7, two generalizations 
surfaced. The generalizations arose from the focus on the components of the form of the 
equation from 𝑦5 remaining invariant moving to column 𝑦6 and then to column 𝑦7. The 
generalizations made it possible for students to see the equations for 𝑦5, 𝑦6, and 𝑦7 had 
the same form: 𝑦 = 𝑦-𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡(𝑤ℎ𝑎𝑡 𝑤𝑒 𝑎𝑟𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝑒𝑎𝑐ℎ 𝑡𝑖𝑚𝑒)𝑥. 
Together, the contrast related to how the 𝑦-values changed and the generalizations 
around the creation of the equations for 𝑦5, 𝑦6, and 𝑦7 made it possible for students to 
learn that to write equations given a table of values where the 𝑥-values go up by 1 started 
by figuring out how the 𝑦-values were changing via observation or calculation. Then, 
identify the initial value (𝑦-intercept) and interpret how the 𝑦-values were changing in 
terms of what we were multiplying by each time going down the table to get the equation 
𝑦 = 𝑦-𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡(𝑤ℎ𝑎𝑡 𝑤𝑒 𝑎𝑟𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 𝑒𝑎𝑐ℎ 𝑡𝑖𝑚𝑒)𝑥. 
Idea G2: Calculating the 𝒃-Value 
Before writing the equation for 𝑦7, Gabe showed students how to calculate the 𝑏 
value. As a result of the instruction around calculating the 𝑏 value, Idea G2—dividing 
two, consecutive 𝑦-values from a table where Δ𝑥=1 provides a value for what we were 
multiplying by moving down a table of values—surfaced.  
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Before discussing how the 𝑦-values were changing for 𝑦7, Gabe established a 
method for calculating the multiplicative change observed in 𝑦5. Using values from the 
𝑦5 column, Gabe established that taking 16 divided by 8 gives 2, the multiplicative factor 
for 𝑦5. The same value of 2 could be found by dividing the 4 by the 2 when 𝑥 = 2 and 
𝑥 = 1, respectively. Gabe’s explanation surfaced a contrast with a focus on how to find 
the multiplicative factor for 𝑦5. The calculative process of finding the multiplicative 
factor of 2 for 𝑦5 varied from the initial observational method while the column remained 
invariant. The contrast surfaced the idea that we could find the multiplicative factor for 
𝑦5 by dividing two consecutive y-values.  
Keeping the focus on calculating the multiplicative factor, Gabe mentioned the 
same process for 𝑦6, dividing 2 by 6 the 𝑦-values for 𝑥 = 4 and 𝑥 = 3, respectively, to 
obtain the multiplicative factor of 
1
3
 the class found previously through observation. By 
providing this example for the column 𝑦6, Gabe produced a generalization where the 
method of dividing two consecutive 𝑦-values remained invariant but the column varied. 
The generalization further refined the above idea that to calculate the multiplicative 
factor, divide two consecutive y-values.  
Finally, Gabe shifted attention to the 𝑦-values for 𝑦7 and divided two consecutive 
𝑦-values to obtain the multiplicative factor of 1.1. The shift to 𝑦7 surfaced a 
generalization where the focus was on the method of obtaining the multiplicative factor 
that remained the same while the function varied. The generalization reinforced the idea 




Combined, the ideas surfaced from the contrast and generalizations made it 
possible for students to learn a calculative method for obtaining how the 𝑦-values were 
changing; specifically, dividing two consecutive 𝑦-values from a table where Δ𝑥 = 1 
provided a value for what we were multiplying by moving down a table of values. 
Idea G3: Converting from an Equation  
to a Table of Values 
Idea G3—we can use an equation of the form 𝑦 = 𝑎𝑏𝑥 to fill in a table where 
Δ𝑥 = 1. First, take 𝑎 to be the y-intercept/value at zero. Then multiply by 𝑏 going down 
the table and divide by 𝑏 (or multiply by 
1
𝑏
) going up the table—surfaced during 
instruction of Task G4: Filling in Tables and Graphing (see Figure 37 earlier). The task 
provided students with two exponential equations of the form 𝑦 = 𝑎𝑏𝑥 and asked them to 
fill in a table of values and generate a graph for each equation. Before allowing his 
students time to work on the problems, Gabe highlighted the “Remember” statement at 
the top of the task that provided students with the general equation 𝑦 = 𝑎𝑏𝑥 and the 
definitions of the parameters 𝑎 and 𝑏 as 𝑎 = 𝑦-intercept and 𝑏 = rate. For instruction 
related to both problems, Gabe relied on the provided parameter definitions to fill in the 
table of values. The parallel in Gabe’s instruction surfaced variation that made it possible 
for students to discern a method for filling in a table of values given an equation of the 
form 𝑦 = 𝑎𝑏𝑥.  
Gabe began instruction of Task G4 by leading the class in using the equation 𝑦 =
2(3)𝑥 to fill in the table of values. He first focused attention on the 𝑦-intercept, 
connecting the 2 in the equation to the 𝑦-value when 𝑥 = 0 in the table. The discussion 
of the 𝑦-intercept created a transformation through generalization. The generalization 
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surfaced from a focus on the 𝑦-intercept, whose value remained invariant, while the 
representation changed from the 𝑎-value in an equation to the 𝑦-value when 𝑥 = 0 in a 
table. Gabe then shifted attention to the 𝑏-value of 3 in the equation by asking students 
what the 3 represented. He then filled in the table of values by starting at the 𝑦-intercept 
of 2 in the table and repeatedly multiplying by 3 to generate values going down the table 
and repeatedly dividing by 3 to fill in values going up the table. The shift from 
multiplying by 3 to dividing by 3 surfaced a generalization where the 𝑏-value remained 
in focus but the operation applied to the 𝑏-value of 3 changed moving down and then up 
the table. The generalizations related to the y-intercept and the b-value collectively made 
it possible to learn that to use the equation 𝑦 = 2(3)𝑥 to fill in the table, identify the y-
intercept as 2 and multiply by the 𝑏-value of 3 moving down the table and divide by the 
𝑏-value of 3 going up the table.  
Moving to the second problem in Task G4, Gabe followed the same pattern of 
instruction from the first problem. He first focused attention on the 𝑦-intercept of 𝑦 =
4(0.5)𝑥 and documented the value of 4 within the table when 𝑥 = 0.  Just like Gabe’s 
instruction for the 𝑦-intercept in the first problem, his instruction surfaced a 
transformation via a generalization where the y-intercept remained in focus and invariant 
from the equation to the table of values. In other words, the value of 4 remained the same 
but shifted from the 𝑎-value in the equation to the 𝑦-value when 𝑥 = 0 in a table of 
values.  
Mirroring the next step from problem 1 in Task G4, Gabe discussed methods for 
using the 𝑏-value to obtain the 𝑦-values within the table. He first pointed to the 0.5 in the 
equation 𝑦 = 4(0.5)𝑥 and said “you’re going to take half each time” and filled in the 
140 
 
table of values moving down from the 𝑦-intercept of 4. Once the bottom portion of the 
table was filled in, Gabe described a group’s method for obtaining all the 𝑦-values as 
“going [down] you’re multiplying by point 5, and … divid[ing] by point 5 going [up].” 
Directly following the proffered method, Gabe equated two ways for moving up the 
table: dividing by 0.5 or multiplying by 2. The multiple ways Gabe mentioned provided a 
contrast around how to obtain the 𝑦-values from the 𝑏-value. The contrast surfaced 
because the way of obtaining the 𝑦-values from the 𝑏-value varied while the 𝑏-value 
remained invariant.  The contrast made it possible for students to see there were different 
ways to obtain the 𝑦-values in a table from the 𝑏-value; specifically, to move down the 
table, one could take half each time or multiply by . 5 and to move up the table, one could 
divide by 0.5 or multiply by 2.  
The generalization from the 𝑦-intercept and the contrast from using the 𝑏-value to 
generate tabular values made it possible to learn that the equation 𝑦 = 4(0.5)𝑥 could be 
used to fill in the table of values. First, identify the y-intercept in the equation as 4 and 
transfer that value to the table. Then use the 𝑏-value of 0.5 to fill in the table by taking 
half each time or multiplying by 0.5 going down the table and dividing by 0.5 or 
multiplying by 2 going up. 
The interactions around filling in the table of values for 𝑦 = 4(0.5)𝑥 mirrored 
those for 𝑦 = 2(3)𝑥. Looking across, the same method for using an equation to fill in a 
table of values surfaced; specifically, we could use an equation of the form 𝑦 = 𝑎𝑏𝑥 to 
fill in a table of values via taking 𝑎 to be the y-intercept, or 𝑦-value at zero and 
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multiplying by 𝑏 (or dividing by 
1
𝑏




) going up the table surfaces. 
Idea G4: Converting from a Graph  
to an Equation 
Idea G4—to write an exponential equation of the form 𝑦 = 𝑎𝑏𝑥 from a table or 
graph, first find the y-intercept, or value at zero, to plug in for 𝑎. Then find what you are 
multiplying by each time and plug in for 𝑏—surfaced during Gabe’s instruction of Task 
G5: Writing Equations from a Table and Graphs (see Figure 37 above). Task G5 
presented a table of values and two graphs for which students were expected to write 
equations. Gabe’s instruction of each problem followed a similar structure of finding the 
𝑦-intercept and then what was being multiplied each time in order to substitute the 
corresponding values into 𝑦 = 𝑎𝑏𝑥. The commonality across the problems within this 
task surfaced a method for writing an exponential equation of the form 𝑦 = 𝑎𝑏𝑥 from a 
table of values and graphs.  
During the development of the equation 𝑦 = 5(2)𝑥 for the table of values in Task 
G5, Gabe drew explicit attention to the definitions of 𝑎 as the 𝑦-intercept and 𝑏 as what is 
being multiplied by each time in the equation 𝑦 = 𝑎𝑏𝑥. The reliance on the definitions of 
the parameters to convert from the table of values to the equation surfaced contrasts in 
relation to each parameter. Gabe focused attention on the parameters that transformed 
from an abstract placeholder (e.g., 𝑎 and 𝑏) to a numerical value corresponding to the 
specific table (e.g., 5 and 2) while the underlying function remained the same. The 
transformation of the parameters surfaced two contrasts: one in relation to each 
parameter. The contrasts made it possible to learn that the formulation of an equation 
142 
 
from a table of values relied on replacing the parameters 𝑎 and 𝑏 in the equation 𝑦 =
𝑎𝑏𝑥; specifically, replace the 𝑎 with the 𝑦-intercept and the 𝑏 with what we multiply by 
each time moving down the table.  
After generating an equation from the table of values, Gabe shifted attention to 
writing an equation for the middle graph. He again emphasized using the definitions of 
the parameters 𝑎 and 𝑏 to generate the equation as evidenced by him asking students to 
identify the 𝑦-intercept and then what they were multiplying by. Gabe constructed the 
equation 𝑦 = 2(2)𝑥 in conjunction with values students identified for the 𝑦-intercept and 
the multiplicative factor. The shift from the table of values to the graph while maintaining 
the focus on the same method for obtaining the equation surfaced a generalization. The 
generalization surfaced the idea that we could find the equation corresponding to a graph 
the same way as we did for a table of values. First, identify the y-intercept, or value at 
zero, and plug it in for 𝑎 in the equation 𝑦 = 𝑎𝑏𝑥. Then, figure out what we were 
multiplying by each time and plug that value in for 𝑏 in the equation 𝑦 = 𝑎𝑏𝑥. 
To develop the equation for the bottom right graph, Gabe guided students through 
the same process as the previous graph. Gabe’s instruction surfaced a generalization 
where the method for obtaining the equation remained the same while the function 
varied. Since the focus was on finding the equation, the same idea as above surfaced; 
namely, we can use the same method to generate an equation of the form 𝑦 = 𝑎𝑏𝑥 from a 
graph as before by finding the y-intercept and plugging in for 𝑎 and what we were 
multiplying by each time and plugging in for 𝑏.  
The similarity of instruction on the different problems in Task G5 made it 
possible to learn that to write an exponential equation of the form 𝑦 = 𝑎𝑏𝑥 from a table 
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or graph, first find the y-intercept, or value at zero, to plug in for 𝑎.  Then find what you 
are multiplying by each time and plug in for 𝑏.  
Summary of Purpose G1 
Instruction related to Purpose G1 spanned three non-contextual tasks with 
multiple parts—one task occurring before defining the parameters of an equation of the 
form 𝑦 = 𝑎𝑏𝑥, the other two after. The tasks required converting between a table of 
values and an equation of the form 𝑦 = 𝑎𝑏𝑥 and from a graph to an equation of the form 
𝑦 = 𝑎𝑏𝑥. Central to the converting among the different representations were the 
definitions of the parameters 𝑎 and 𝑏. As a result, students had the opportunity to learn 
how to appeal to 𝑎 as the 𝑦-intercept and 𝑏 as what we were multiplying by each time in 
order to convert between a table of values and an equation of the form 𝑦 = 𝑎𝑏𝑥 and from 
a graph to an equation of the form 𝑦 = 𝑎𝑏𝑥. In other words, during instruction of tasks 
within Purpose G1, Gabe made it possible for students to learn strategies for converting 
between specific representations of exponential functions. 
Purpose G2: Describing the Three  
Different Forms of Exponential  
Functions: 𝒚 = 𝒂𝒃𝒙, 𝒚 = 𝒂𝒓𝒕,  
and 𝒚 = 𝒂(𝟏 + 𝒓)𝒕   
 
Instruction within Purpose G2 allowed for the emergence of Idea GP2—there are 
three different forms of exponential functions: 𝑦 = 𝑎𝑏𝑥, 𝑦 = 𝑎𝑟𝑡, and 𝑦 = 𝑎(1 + 𝑟)𝑡.  
Idea GP2 came from the instruction of a single task, Task G2: Defining Exponential 





Figure 39. Defining the components in three exponential equations. 
 
 
Instruction of Task G2 began with Gabe presenting the equations 𝑦 = 𝑎𝑏𝑥, 𝑦 =
𝑎𝑟𝑡, and 𝑦 = 𝑎(1 + 𝑟)𝑡 and describing them as “a few different forms” of exponential 
functions. Gabe started by defining the parameters for the equation 𝑦 = 𝑎𝑏𝑥. He did not 
define 𝑎 for either of the remaining equations. For the equation 𝑦 = 𝑎𝑟𝑡, Gabe mentioned 
the exponent being time and the 𝑟 being the rate multiplied. In addition, he used the 
equations derived during Task G1: Writing Equations from Tables to provide examples 
of exponential growth and decay as related to the 𝑟-value. Gabe connected the equation 
for 𝑦7 from Task G1 to the equation 𝑦 = 𝑎(1 + 𝑟)𝑡 by reframing the multiplication 
factor of 1.1 in terms of 110%. 
The structure and holistic interpretation of Gabe’s instruction for Task G2 gave 
rise to Idea GP2 while the details Gabe discussed for each equation surfaced Ideas G5, 
G6, and G7. Although Ideas G5, G6, and G7 were related to Idea GP2, they did not 
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combine or build to surface Idea GP2. Rather, Ideas G5, G6, and G7 articulated 
definitions for the parameters within the three provided equations.  
Idea GP2: Three Forms of  
Exponential Equations 
  Idea GP2—there are three different forms of exponential functions, 𝑦 = 𝑎𝑏𝑥, 𝑦 =
𝑎𝑟𝑡, and 𝑦 = 𝑎(1 + 𝑟)𝑡—emerged as a result of considering the holistic instruction 
around Task G2: Defining Exponential Equation Forms. Gabe presented three 
exponential equations on the board and stated, “There are different forms of exponential 
functions,” thereby bringing forms of exponential functions into focus for his students. 
He proceeded to discuss each equation separately, shifting from 𝑦 = 𝑎𝑏𝑥 to 𝑦 = 𝑎𝑟𝑡 to 
𝑦 = 𝑎(1 + 𝑟)𝑡. In doing so, Gabe’s instruction generated a contrast where three different 
forms were provided for a single function class (e.g., exponential functions) remained the 
same. The contrast made it possible for students to recognize that there are different 
forms of exponential functions and those forms are 𝑦 = 𝑎𝑏𝑥, 𝑦 = 𝑎𝑟𝑡, and 𝑦 =
𝑎(1 + 𝑟)𝑡. Amidst the shifts between the three different forms, the three ideas providing 






























































Idea G5: In the exponential function form y = abx, a is the “a-riginal”, value 
at zero, or y-intercept; b is the rate multiplied or amount you’re multiplying 
by. 
Idea G6: An exponent of 𝑥 in an exponential function represents the number 
of times you’re multiplying by the base, 𝑏, while an exponent of 𝑡 represents 
time. 
Idea G7: An exponential function of the form 𝑦 = 𝑎𝑟𝑡 has restrictions on 𝑟. 
When 𝑟 > 1 the function is increasing (exponential growth) and when 𝑟 < 1 
the function is decreasing (exponential decay). 
 




Idea G5: Defining Parameters of 𝒚 = 𝒂𝒃𝒙 
Gabe began instruction of Task G2 by defining components in the leftmost 
equation 𝑦 = 𝑎𝑏𝑥. The presentation of the different meanings of the components 
generated contrasts surfacing Idea G5—in the exponential function form 𝑦 = 𝑎𝑏𝑥, 𝑎 is 
the “𝑎-riginal”, value at zero, or y-intercept; 𝑏 is the rate multiplied or amount you are 
multiplying by.  
Defining the 𝑎 and 𝑏 parameters of the equation 𝑦 = 𝑎𝑏𝑥 created two separate 
contrasts. First, Gabe focused attention on the 𝑎 parameter and mentioned three different 
interpretations. The presentation of the three different interpretations created a contrast in 
the 𝑎 parameter. Second, Gabe focused on the 𝑏 parameter and verbally defined 𝑏 as 
what we were multiplying by but wrote “rate multiplied” on the board. The dual 
definition created a contrast in the 𝑏-value. The two contrasts of the 𝑎 and 𝑏 parameters 
made it possible to learn that both the 𝑎 and 𝑏 parameters had multiple definitions. In 
particular, the 𝑎 parameter was the value at zero, the y-intercept, or the “𝑎-riginal,” while 
the 𝑏 parameter was what we were multiplying by or the rate multiplied. 
Idea G6: Defining the Exponent 
Idea G6—an exponent of 𝑥 in an exponential function represents the number of 
times you’re multiplying by the base, 𝑏, while an exponent of 𝑡 represents time—
surfaced via a contrast when Gabe shifted attention from the exponent in 𝑦 = 𝑎𝑏𝑥 to the 
exponent in 𝑦 = 𝑎𝑟𝑡in Task G2. While focused on the equation 𝑦 = 𝑎𝑏𝑥, Gabe defined 
the meaning of the exponent, 𝑥, as “the number of times we are multiplying” and then 
shifted to the 𝑡 in the equation 𝑦 = 𝑎𝑟𝑡 and mentioned “quite often, especially for 
financial, the exponent's going to represent time.” The shift created a dual definition for 
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the exponent of an exponential function. Gabe’s actions in pairing the exponent 𝑥 with 
the meaning number of times we were multiplying and comparing that pair to the 
association between the exponent 𝑡 and time surfaced a contrast with respect to the 
meaning of exponent where the meaning varied but the position in the equation remained 
the same (i.e., the exponent). The contrast made it possible for students to learn that an 
exponent of 𝑥 represented the number of times we multiplied by 𝑏 while an exponent of 𝑡 
represented time. 
Idea G7: Restrictions on 𝒓  
Idea G7—an exponential function of the form 𝑦 = 𝑎𝑟𝑡 has restrictions on 𝑟. 
When 𝑟 > 1 the function is increasing (exponential growth) and when 𝑟 < 1 the function 
is decreasing (exponential decay)—surfaced during instruction of Task G2 and arose 





from Task G1 to illustrate the 
restrictions on 𝑟 in the equation 𝑦 = 𝑎𝑟𝑡. Gabe focused student attention on the values of 
𝑟 in the two equations, noting that an 𝑟 value greater than 1, like the 2 in 𝑦 = 1(2)𝑥, 
resulted in exponential growth and an 𝑟 value less than 1, like the 
1
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resulted in exponential decay. Gabe’s discussion of the 𝑟 parameter of the two equations 
surfaced a contrast where two restrictions on the 𝑟-value surfaced: being greater than 1 
and being less than 1. The actions surrounding the contrast coupled with Gabe’s verbal 
descriptions of growth and decay allowed for students to see that when 𝑟 > 1, the 
function was increasing and defined as growth and when 𝑟 < 1, the function was 




Summary of Purpose G2 
 Gabe presented three forms of exponential equations: 𝑦 = 𝑎𝑏𝑥, 𝑦 = 𝑎𝑟𝑡, and 
𝑦 = 𝑎(1 + 𝑟)𝑡. During explanations of the aforementioned equations, Gabe defined 
parameters and the exponent in multiple ways. Gabe’s presentation and instruction made 
it possible for students to learn that for the equation 𝑦 = 𝑎𝑏𝑥, 𝑎 was the “𝑎-riginial” 𝑦-
intercept and the value at zero while 𝑏 was the amount you were multiplying by or the 
rate. Although Gabe discussed the other two equations, it was unclear whether the same 
parameter definitions applied. Gabe did not make comparisons or connections among the 
three equations. 
Purpose G3: Solving Problems That  
Fit the Form 𝒚 = 𝒂𝒓𝒕   
Instruction related to Purpose G3 spanned six tasks:  
1. Task G6: Solving Equations 
2. Task G7: Tuition 
3. Task G8: House and Condo 
4. Task G9: Honda Civic 
5. Task G10: Ben Franklin Interest 
6. Task G13: Colorado Population 
Gabe covered Tasks G6 through G10 on the second day of recorded class and Task G13 
at the beginning of the third day of class.  
Task G6 was the concluding task in a sequence of three discussed as part of the 
warmup for day 2 (see Figure 41). Task G6 presented three equations and asked students 
to solve for 𝑥 where 𝑥 was the base of a numerical exponent. Gabe guided instruction for 
solving the polynomial equations for 𝑥. He articulated steps for solving for 𝑥. First, 
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divide by the coefficient of 𝑥𝑛 and then take the 𝑛th root of both sides. If the value of 𝑛 
was even, you got two answers, positive and negative, but if the value of 𝑛 was odd, you 
got one answer. Gabe referenced this task and used this method while modeling how to 




Figure 41. Task G6: Solving equations. 
 
 
Tasks G7, G8, G9, G10, and G13 presented exponential contexts with all but Task 
G10 containing multiple parts (Figures 42, 43, 44, 45, and 46, respectively). For all six 
tasks, Gabe began by either referencing or plugging information into the equation 𝑦 =
𝑎𝑟𝑡. After Gabe formulated an equation of the form 𝑦 = 𝑎𝑟𝑡, he modeled how to solve 
for the desired variable or parameter being asked for in the problem; specifically, for 
Tasks G7, G8, and G13, Gabe modeled how to find 𝑟 given all other pieces of 
information. Gabe’s method for solving mirrored how he solved the equations in Task 
G6. After solving for 𝑟, Gabe described how to use 𝑟 to find either the average annual 
rate of increase or annual rate of change.2 For Tasks G9 and 10, Gabe described how to 
find 𝑟 given a percent change within the context. After either solving or finding 𝑟, Gabe 
set up an equation to solve for future or past 𝑦-values.  
 
2 It was important to note Gabe did not describe what the average annual rate of increase 
or the annual rate of change were. Given the wording, the average annual rate of increase 
and the annual rate of change could be interpreted as a slope of a linear function. 
However, Gabe’s treatment of terms while modeling how to solve exponential problems 
suggested the average annual rate of increase and the annual rate of change were the 

































The instruction across the six tasks made it possible to learn five sub-ideas: Ideas 
G8 through G12. The five sub-ideas described methods for solving contextual, 
exponential problems with reference to the equation 𝑦 = 𝑎𝑟𝑡. Each of the five ideas 
surfaced from the instruction of multiple tasks. Ideas G8, G9, and G10 emerged from 
variation both within instruction of each task and looking across instruction of multiple 
tasks. Ideas G11 and G12, on the other hand, surfaced via variation across tasks. The 
variation across tasks for each of the five ideas secured Idea GP3 as the overarching idea 
made possible to learn with respect to Purpose GP3.  
Idea GP3: Establishing Methods to  
Solve Problems 
Examination of Ideas G8 through G12 with respect to Gabe’s instruction of Tasks 
G7, G8, G9, G10, and G13 surfaced Idea GP3—we use the same methods to solve word 
problems that are exponential. Ideas G8, G9, and G10 arose from analysis both within 
and across similar tasks; Ideas G11 and G12 came only from analysis across similar 
tasks. Since all five ideas described ways of solving problems related to exponential 
functions and the way of solving similar problems was consistent across tasks, Idea GP3 
surfaced. The five ideas outlined methods for four types of problems involving 
exponential contexts: 1) developing an equation of the form y = art from the context, 2) 
solving or finding r, 3) solving for future or past y-values, and 4) finding the average 
annual rate of change. Gabe’s use of the same methods to solve similar problems across 
tasks, as evidenced by the surfacing of the five ideas, provided evidence of the emergence 






















































Idea G8: We can use the information within a word problem to create an 
equation of the form y = art. 
Idea G9: When we have an equation of the form 𝑦 = 𝑎𝑟𝑡 we can solve for 







Idea G10: When we know 𝑎 and 𝑟 we can use the equation 𝑦 = 𝑎𝑟𝑡 to find 
future and past y-values just by changing the exponent, 𝑡. To find future 𝑦-
values, the 𝑡 value will be positive, and to find past 𝑦-values the 𝑡 value will 
be negative 
Idea G11: The average annual rate of change (increase) can be found from 
the 𝑟 value by dropping the 1 out front and moving the decimal two places. 
Idea G12: If we are given a context that contains an average annual rate of 
change as a percent, we find 𝑟 by starting at 100% and either adding or 
subtracting the given percent. 
 
Figure 47. Gabe’s ideas for Purpose G3. 
 
 
Creating an Equation of the Form 𝐲 = 𝐚𝐫𝐭. Instruction surfacing Idea G8 
involved Gabe presenting the general equation y = art and then transforming the 
information within the context into an equation of that form. In this way, Gabe’s 
instruction provided students with opportunities to see how to transform several different 
contexts into equations of the form y = art.  
Solving for the 𝐫 Value of 𝐲 = 𝐚𝐫𝐭. Analysis of Ideas G9 and G12 suggested 
students had the opportunity to learn two methods for attaining an r value to use within 
the equation y = art. Idea G9 articulated a two-step method for solving for r when all 
other values of the equation y = art were filled in. The steps remained the same across 
three contexts and mirrored the steps described during Task G6. Idea G12, on the other 
hand, outlined a way of obtaining r from a context where percent change was given; 
specifically, start at 100% and add or subtract the percentage to obtain the value of r. 
Solving for 𝐲-Values of 𝐲 = 𝐚𝐫𝐭. Idea G10 highlighted how to find future and 
past y-values when given values for the rest of the components in the equation y = art. 
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Students had the opportunity to see that future y-values required a positive t value while 
past y-values required a negative t value. Moreover, the method for obtaining the y-value 
was to simply plug in values for t. 
Finding the (Average) Annual Rate of Change. Idea G11 showcased how to 
attain the average annual rate of change once the r value was found; in particular, take the 
r value and drop the 1 out front and move the decimal two places. It was important to 
note that only exponential growth was discussed during whole-class instruction. Further 
detail of the methods related to each idea is included below. 
Idea G8: Creating an Equation of the 
Form 𝒚 = 𝒂𝒓𝒕 
Idea G8—we can use the information within a word problem to create an equation 
of the form 𝑦 = 𝑎𝑟𝑡—surfaced during instruction of five tasks:  
1. Task G7: Tuition 
2. Task G8: House and Condo 
3. Task G9: Honda Civic 
4. Task G10: Ben Franklin Interest 
5. Task G13: Colorado Population  
During instruction of each task, Gabe led the class in creating an equation of the form 
𝑦 = 𝑎𝑟𝑡 from the given context. It was important to note that for Tasks G7, G8, and G13, 
Gabe had to solve for 𝑟 before generating an equation where 𝑦 was the dependent 
variable and 𝑡 was the independent variable. For Task G9 and G10, Gabe instructed 
students on how to find the 𝑟 value given a percent change within the context. Although 
the initial information provided differed for the two groups of tasks, the act of 
constructing an equation of the form 𝑦 = 𝑎𝑟𝑡 from a context generated a contrast where 
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the focus was on transforming a context to an equation within the same function. 
Instruction of Task G8: House and Condo provided an ideal example of the variation that 
ultimately surfaced the idea that we could use the information within a word problem to 
create an equation of the form 𝑦 = 𝑎𝑟𝑡. 
At the onset of instruction of Task G8, Gabe set up the equation 194500 =
129600𝑟15 to solve for 𝑟. During the set-up of this equation, Gabe explicitly connected 
the 194500 as the final amount (or 𝑦-value), the 129600 as the “𝑎-riginal” (or 𝑎-value) 
and the 15 as the time. The connection of values to their associated component in the 
equation 𝑦 = 𝑎𝑟𝑡 surfaced a transformation via contrast where the representation of the 
function varied from context to equation but the function itself remained invariant. The 
contrast introduced the idea that the values 129600, 194,500, and 15 from the written 
context for Task G8 could be substituted into their associated components in the 
exponential equation 𝑦 = 𝑎𝑟𝑡. In particular, 129600 was the “𝑎-riginal” (𝑎-value), 
194500 was the final value (𝑦-value), and 15 was the time (t value). 
Idea G9: Solving for 𝒓 
Idea G9—when we have an equation of the form 𝑦 = 𝑎𝑟𝑡 we can solve for the 𝑟 






—surfaced during instruction of four tasks: 
1. Task G6: Solving Equations  
2. Task G7: Tuition 
3. Task G8: House and Condo 
4. Task G13: Colorado Population. 
Task G6 was the only non-contextualized task; it was also where Gabe first introduced 
the method. Tasks G7, G8, and G13 provided students with two points situated within 
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their respective contexts as a way to solve for the 𝑟 value in the equation 𝑦 = 𝑎𝑟𝑡.  
During instruction of each task, the focus was on finding the value for 𝑟 of the equation 
𝑦 = 𝑎𝑟𝑡 where 𝑦, 𝑎, and 𝑡 were known. While solving for 𝑟 within each task, a sequence 
of contrasts occurred where the presentation of the equation changed with each step 
toward solving for 𝑟 while the equality of the equation remained invariant. Gabe modeled 
the same steps for solving across all four tasks, which surfaced a generalization where the 
method remained invariant but the equations being solved varied, resulting in Idea G9 to 
be accessible to students both within and across instruction of each task. Analysis of 
Gabe’s instruction of the relevant portion of Task G13 highlighted the variation within 
tasks.  
After setting up the equation 5,356 = 868𝑟99, Gabe led the class in solving for 𝑟. 
Gabe focused attention on the steps for solving which include dividing each side by 868 
and then taking each resultant side to the 
1
99
 power. Each of these two steps surfaced a 
contrast where the values on either side of the equality varied due to mathematical 
calculations but the equality remained the same.  These two contrasts surfaced the idea 
that solving the equation 5,356 = 868𝑟99 for 𝑟 was the same as solving the equation 




99 for 𝑟. 
Gabe repeated and emphasized the same two steps whenever an equation needed 
to be solved for 𝑟. The use of the same two steps across tasks surfaced a generalization 
where the method for solving for 𝑟 remained the same while the contexts varied. The 
generalization made it possible to learn to use the same method when solving for 𝑟,  
157 
 
specifically, when an equation like y= 𝑎𝑟𝑡 has values for 𝑦, 𝑎, and 𝑡, divide both sides by 
the coefficient, 𝑎, and then take each side to the 
1
𝑡
th power.  
Idea G10: Finding Future and  
Past 𝒚-Values 
Instruction of  
1. Task G7: Tuition 
2. Task G8: House and Condo 
3. Task G9: Honda Civic 
4. Task G10: Ben Franklin Interest 
5. Task G13: Colorado Population 
surfaced Idea G10—when we know 𝑎 and 𝑟, we can use the equation 𝑦 = 𝑎𝑟𝑡 to find 
future and past y-values just by changing the exponent, 𝑡. To find future 𝑦-values, the 𝑡 
value would be positive and to find past 𝑦-values, the 𝑡 value would be negative. Gabe’s 
instruction of each task contained similar variation patterns around finding future and 
past 𝑦-values. The surfacing of variation during instruction of Task G7, described below, 
provided details of a representative instance. In addition to variation within tasks to 
surface the method, analysis looking across all five tasks produced a generalization where 
the method remained the same but the context varied. As such, opportunities to engage 
with Idea G10 occurred both within and across tasks.  
After the class developed the equation 𝑦 = 3837(1.07259)𝑡 for part a of Task 
G7, Gabe directed student attention to part b of the task that asked for the cost of tuition 
every year for the next five years. Gabe wrote down the expression 3837(1.07259) and 
asked students for the value of the exponent of 1.07259 for the first year. He wrote 
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3837(1.07259)12 on the board and then followed up by asking students “what's the only 
thing you'd have to change, if you use that equation, what's the only thing you'd have to 
change?” Students responded “the exponent” and Gabe proceeded to scribe expressions 
for the next four years on the board, increasing the exponents by one until there were five 
expressions on the board. Gabe continually emphasized the only thing that changed was 
the exponent. The emphasis on the changing exponent surfaced a contrast where the 
exponent value varied with respect to the increase in year while the main expression 
remained invariant. The contrast made it possible to learn that to find the tuition value for 
each of the next five years, the exponent of 1.07259 in the expression 3837(1.07259) 
increased by 1. 
After completing part b, Gabe shifted attention to part c that asked for the cost of 
tuition for a far-off future date. Gabe again highlighted the only thing they needed to 
change in the expression was the exponent. Gabe’s emphasis on the exponent created a 
generalization where the focus became the method for solving, which remained the same 
from the previous problem, while the way of finding the value for the exponent varied. 
The generalization extended the previous idea and made it possible for students to learn 
that in order to find tuition costs for future 𝑦-values, just change the exponent of 1.07259 
in the expression 3837(1.07259).  
Continuing on to part d, which asked for the cost of tuition for a year in the distant 
past, Gabe again emphasized the method of just changing the exponent. By keeping the 
method for finding a tuition value in focus and invariant while shifting from future 𝑦-
values and positive exponents to past 𝑦-values and negative exponents, a generalization 
surfaced. The generalization expanded what was previously made possible to learn to 
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include replacing the exponent to find tuition costs in the past; specifically, to find the 
tuition value for a specific year in the future, change the exponent of the 1.07259 in the 
expression 3837(1.07259) to a positive value. To find the tuition value in the past, 
change the exponent to a negative value. 
Idea G11: Finding the Average  
Rate of Change 
Unlike the other ideas within this purpose, Idea G11—the average annual rate of 
change (increase) can be found from the 𝑟 value by dropping the 1 out front and moving 
the decimal two places—surfaced only as a result of looking across the three associated 
tasks: 
1. Task G7: Tuition 
2. Task G8: House and Condo 
3. Task G13: Colorado Population 
During the instruction of Tasks G7, G8, and G13, Gabe told students how to find the 
average annual rate of change given an 𝑟 value: drop the 1 and then move the decimal 
two places. It was important to note that the three contexts requiring students to find an 
average annual rate of change were all exponential growth. Problems dealing with 
exponential decay always included a percent in the context. Gabe’s directions surfaced a 
generalization where the method for finding the average annual rate of change remained 
invariant across the three different contexts. The generalization made it possible to learn 
that when given an 𝑟 value, you could find the average annual rate of change (increase) 




Idea G12: Finding 𝒓 from a Given  
Percent 
Idea G12—if we are given a context that contains an average annual rate of 
change as a percent, we find 𝑟 by starting at 100% and either adding or subtracting the 
given percent—surfaced by examining Gabe’s instruction in two ways. First, Idea G12 
surfaced in contrast to the calculation method for finding 𝑟 outlined during Idea G9. 
Through presenting two different ways of solving questions asking for the average annual 
rate of change, Gabe made it possible for his students to learn two methods for finding 
the average annual rate of change: through solving the equation 𝑦 = 𝑎𝑟𝑡 for 𝑟 or by 
adding or subtracting a percent from 100%. Second, Idea G12 surfaced from instruction 
of two tasks: Task G9: Honda Civic and Task G10: Ben Franklin Interest. Analysis of 
instruction both within and across these two tasks provided evidence of the opportunity 
for students to learn Idea G12. Task G9 presented an exponential decay context while 
Task G10 had an exponential growth context. Instruction of both tasks provided evidence 
of the opportunity to learn Idea G12. 
Task G9 provided an average annual depreciation percent (16.5%) and the dollar 
worth ($1,400) of a Honda Civic in 1998. Part a of the task asked students to find the 
value of the car in 10 years. Gabe led a discussion to plug in values for 𝑎, 𝑟, and 𝑡 into 
𝑦 = 𝑎𝑟𝑡. As part of the discussion to find 𝑟, Gabe instructed students to start with 100% 
and subtract 16.5% to get 83.5%. He then converted the 83.5% into an 𝑟-value of 0.835 
and formulate the equation 𝑦 = 1400(0.835)10. Through describing another method for 
finding the value of 𝑟 than that depicted in Idea G9, Gabe surfaced a contrast within the 
method for finding 𝑟, which was in focus and varied. The contrast made it possible to 
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learn there was another way to find 𝑟 for the equation 𝑦 = 𝑎𝑟𝑡 when a depreciating 
percentage is given within the context: to find 𝑟, start at 100% and subtract. 
During whole-class instruction of Task G10: Ben Franklin Interest, Gabe revisited 
his method for finding the 𝑟 enacted during Task G9. Like in Task G9, Task G10 
contained a percentage but unlike in Task G9, the problem was exponential growth. Task 
G10 involved Ben Franklin borrowing a penny, which accrued debt at an annual interest 
rate of 15.7666% for 240.628 years. Gabe again led the class to fill in values for 𝑎, 𝑟, and 
𝑡 to generate a future 𝑦-value. As part of the instruction for finding 𝑟, Gabe told students 
to start at 100% and add the given percentage to find 𝑟. As such, Gabe maintained focus 
on the same method for 𝑟 with a single difference, adding instead of subtracting from 
100%. Since the overall method was the same (start with 100% and add or subtract the 
percent) but the contexts varied, a generalization occurred. The generalization extended 
the method made possible to learn from Task G9 to include what to do to find 𝑟 when 
given an increasing percentage within the context. 
Together, the contrast and generalization made it possible for students to learn 
how to find the value for 𝑟 when given a percentage within the problem context. To find 
𝑟, always start at 100% and add or subtract the percentage given. 
Summary of Purpose G3 
Instruction of the six tasks of Purpose G3 established methods for solving 
exponential problems. During instruction of all six tasks, Gabe initiated instruction by 
referencing or plugging information into the equation 𝑦 = 𝑎𝑟𝑡 and then modeled how to 
solve for the desired variable or parameter. Gabe made it possible for students to learn 
methods for solving for or finding 𝑟, finding the average rate of change (increase), and 
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future or past values of 𝑦. The opportunity to learn the solution methods was accentuated 
by their use in solving multiple, similar tasks. 
Purpose G4: To Solve Problems  
Involving Compound Interest 
 
Gabe’s instruction of three tasks contributed to establishing Purpose G4:  
1. Task G12: Compound Interest  
2. Task G15: Tom’s Loan 
3. Task G16: Development of 𝑒. 
The three tasks involved using equations for simple interest (𝐼 = 𝑃𝑅𝑇), yearly interest 





) with the main focus on using the 
compound interest formula and substituting in values for 𝑛. 
At the onset of instruction for Task G12, Gabe provided students with the 
compound interest formula and definitions for each of the components along with a 
monetary situation: investment of $1000 at 8% interest for five years. He proceeded to 
find the total amount and the interest for annual, quarterly, monthly, and daily 






Figure 48. Board writing at conclusion of Task G12: Compound Interest. 
 
 
Task G15: Tom’s Loan (see Figure 49) provided students with a financial 
situation and asked for the cost of a loan based on four different criteria. Gabe led the 









Only the first portion of Task G16: Developing 𝑒 contributed to Purpose G4 (first 
portion shown in Figure 50). During instruction of Task G16, Gabe first substituted the 






and then had students plug in values for 𝑛 to find the associated output values for the 
given compound periods. 
Analysis of the instruction within and across the three tasks surfaced Ideas G13, 
G14, and G15. The overarching idea, Idea GP4, emerged only as a combination of the 









Idea GP4: Using Various Financial  
Formulas 
Idea GP4—we use various formulas to calculate simple interest (𝐼 = 𝑃𝑅𝑇), yearly 





) by plugging in 





) changes based on the 
number of compounds; the greater the number of compounds the greater the end balance 
and the amount of interest—was made up of the three sub-ideas, Idea G13, Idea G14, and 
Idea G15. Idea G13 contributed the use of specific formulas to calculate simple interest, 
yearly compounds, and multiple compounds. Idea G14 supplied the correspondence 
between the value for 𝑛 in the compound interest formula and the number of compounds 
per year. Idea G15 added the connection between a larger value for 𝑛 and the total 
amount calculated within the compound interest formula. Combined, the three ideas 
































































































































































































































Idea G13: We must use different equations to calculate simple 
interest, yearly compounding and quarterly, monthly, and 
daily compounding. The simple interest formula is 𝐼 = 𝑃𝑅𝑇, 
the yearly compounding formula is 𝑃 𝑟𝑡 and the quarterly, 












change the value of 𝑛 to calculate the ending balance for 
different amounts of compounding (i.e. quarterly, monthly, or 
daily). 
Idea G15: Given the same financial context, increasing the 
number of compounds will increase the end balance and 
amount of interest you make or the end loan balance. 
 
Figure 51. Gabe’s ideas for Purpose G4. 
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Idea G13: Using Different Financial  
Equations 
Idea G13—we must use different equations to calculate simple interest, yearly 
compounding and quarterly, monthly, and daily compounding. The simple interest 
formula is 𝐼 = 𝑃𝑅𝑇, the yearly compounding formula is 𝑃 𝑟𝑡 and the quarterly, monthly, 





—surfaced from instruction of Task G12: 
Compound Interest and Task G15: Tom’s Loan.  Analysis of the variation within 
instruction of each task gave rise to Idea G13. In addition, the variation pattern was 
similar for both Task G12 and Task G15, which surfaced a generalization across tasks 
and provided additional exposure to Idea G13. Analysis of Gabe’s instruction of Task 
G15 provided an ideal example of the within task variation that surfaced Idea G13. 
Whole-class instruction of Task G15 began with part d. Gabe then went back to 
present solutions for parts a, b, and c. After presenting the expression for simple interest, 
i.e., 10000(0.169)(5), and the calculated amount (i.e., 8450) for part d, Gabe moved on 
to discussing what values to substitute into 𝑦 = 𝑎𝑟𝑡 to get a result for compounding 
yearly. While discussing the calculation, 10000(1.169)5 for part a, Gabe compared the 
format with the simple interest formula. He pointed out three differences in the two 
scenarios. First, the calculated value for the simple interest formula was interest rather 
than an end balance, which was the case for the yearly compounded formula. Second, the 
𝑟 value changed from 0.169 to 1.169 because the one out front “is going to put the 
original amount in there.” Finally, the position of the 𝑡 changed from being multiplied to 
being within the exponent because we were multiplying by 1.169 five times. By pointing 
out these changes, Gabe brought the form of the equations into focus and generated a 
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contrast where the form varied from part d to part a while the context remained the same. 
The contrast made it possible to learn that the simple interest and yearly interest formulas 
were different in three ways. Specifically, the calculated result of the yearly 
compounding was the balance not just the interest, the 𝑟 value included the original 
amount and was now 1.0169 rather than 0.169, and time was in the exponent.  
Shifting to part b, Gabe focused student attention on calculating the balance for 






, and that the 𝑛 would be 365. In conjunction with a single student detailing 





 and found a 
balance of 23275. The exchange generated a contrast via transformation where the 
representation varied from words to an expression. The contrast coupled with the 
language Gabe used made it possible to see that the value for compounding daily could 
be found by plugging information into the compound interest formula and evaluating. 
Additional variation within Task G12 contributed to grouping the quarterly and monthly 
compounding with the compound interest formula.  
Looking across the above two contrasts and ideas, a generalization surfaced where 
the goal of the problems remained the same (i.e., finding the cost of Tom’s loan) while 
the equation use varied depending on the type of compounding. The generalization made 
it possible to see that two different equations were needed: one for yearly compounding 












Idea G14: Using Compound Interest  
Formula 
Instruction of Task G12: Compound Interest and Task G16: Developing 𝑒 





, simply change the value of 
𝑛 to calculate the ending balance for different amounts of compounding (i.e. quarterly, 
monthly, or daily). Both tasks required multiple computations involving the compound 
interest formula related to increasing the value of 𝑛. The instruction within Task G12 
provided a beneficial example of how Idea G14 surfaced.  
At the beginning of Task G12, Gabe led a discussion of simple interest and 
yearly, quarterly, monthly, and daily compounding. Gabe then used the formula to 
calculate quarterly, monthly, and daily compounding balances given the investment terms 
(i.e., $1,000 invested at 8% over 5 years). Noticeably, Gabe did not use the compound 
formula for yearly compound, rather reverting to the use of the equation 𝑦 = 𝑎𝑟𝑡. No 
connection between the formula 𝑦 = 𝑎𝑟𝑡 and the compound interest formula where 𝑛 =
1 was made.  
After leading a discussion to find the formula and balance for quarterly 
compounding, Gabe asked students to identify what in the formula would change if they 
changed from quarterly to monthly compounding. Students responded “the 𝑛” and Gabe 
changed the formula accordingly. Gabe guided a similar discussion for the daily 
compounding. These interactions focused student attention on the 𝑛 value in the equation, 
which changed according to compounding type, while the context and consequently the 
other values remained invariant. As a result, Gabe’s instruction surfaced contrasts: one 
for the progression from quarterly to monthly and another from monthly to daily. The 
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contrasts made it possible for students to see that compounding a different number of 





 corresponding to the 
number of compounds per year.  
Idea G15: Increasing the Number  
of Compounds 
 
Gabe’s instruction of three tasks contributed to the emergence of Idea G15, given 
the same financial context, increasing the number of compounds would increase the end 
balance and amount of interest you make or the end loan balance:  
1. Task G12: Compound Interest  
2. Task G15: Tom’s Loan 
3. Task G16: Developing 𝑒. 
Within each of these tasks, Gabe focused attention on how the end balances changed by 
comparing each end balance with the immediately preceding end balance. Idea G15 was 
most salient within instruction of Task G12 and Task G16 since Task G15 only involved 
compounding daily and yearly. Instruction of Task G12 provided a desirable example.  
Recall that Task G12: Compound Interest involved calculating multiple balances 
for $1000 invested at 8% interest over the course of five years. Gabe began instruction by 
calculating simple interest and yearly interest without the use of the compound interest 
formula. Gabe used the compound interest formula to find the value of the investment 
when interest was compounded quarterly, monthly, and daily. After documenting each 
value, Gabe highlighted the additive increase between consecutive balance values and the 
difference in amount of interest earned for consecutive calculations. Gabe contributed the 
differences to the increasing number of compounds.  
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By working toward establishing a relationship between the 𝑛 value and the 
changing balance and interest values, Gabe surfaced a fusion where both the 𝑛 value and 
the differences in balance and interest values varied simultaneously. The fusion made it 
possible for students to see that as the value of 𝑛 increased, so did the balance value and 
the amount of interest earned.  
Summary of Purpose G4 
Gabe’s instruction related to Purpose G4 involved a focus on using the compound 
interest formula to answer financial tasks. Gabe defined the parameters and the 





. Gabe established the 
compound interest formula as different from the formula for simple interest (𝐼 = 𝑃𝑅𝑇) 
and yearly interest (𝑦 = 𝑎𝑟𝑡); the compound interest formula used the same information 
the simple interest and yearly interest formulas but also required a value for 𝑛—the 
number of compounds per year. Gabe made it possible for students to see the formulas 
for simple interest, yearly interest, and compound interest were different: to change the 
number of compounds, simply change the value for 𝒏, and when one increased the value 
for 𝒏 within the same financial situation, the end balance and the interest paid both 
increased. 
Purpose G5: Developing 𝐞 and  
Using “Pert” Equation to 
Solve Problems 
 
Gabe’s instruction of two tasks, Task G16: Developing 𝑒 and Task G17: Using 
“Pert,” contributed to Purpose G5. Both tasks occurred on the third day of recorded 
instruction. Task G16 (see Figure 52) involved two different ways of producing 𝑒. 
Although Gabe presented an additional way of obtaining 𝑒 via calculation, lengthy 
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discussion occurred only around developing 𝑒 through increasing the number of 




After Gabe set up and simplified the compound interest formula for $1 invested at 





, students in 
groups calculated the balance of the investment for each of the listed compounds. After 
establishing that the values increased at a decreasing rate toward an asymptote, Gabe 
equated the asymptote with the value 𝑒. He mentioned that the “Pert” equation was now 
the equation they were interested in and wrote 𝑦 = 𝑃𝑒𝑟𝑡. To conclude the discussion 
about 𝑒, Gabe briefly presented a slide about obtaining 𝑒 via infinite summation. 




Task G17: Using “Pert” was the last task of recorded instruction. After presenting 
Task G17 on the board (see Figure 53), Gabe explained that 𝐴 = 𝑃𝑒𝑟𝑡 should be used for 
problems saying compounded continuously, like bacteria or radioactive decay, and the 
equation was “very easy to use.” Gabe then plugged the information from the context into 
the equation and evaluated using his calculator. Gabe did not complete the task by 
comparing the balance from 𝑃𝑒𝑟𝑡 to the investment compounded continuously. Rather, 
Gabe used this task as an opportunity to show students how to use the equation 𝐴 = 𝑃𝑒𝑟𝑡. 
In fact, Task G17 was the only task where students had the opportunity to use the 
equation 𝐴 = 𝑃𝑒𝑟𝑡. 
 
 
Figure 53. Task G17: Using “Pert.” 
 
 
Analysis of instruction within Task G16 and Task G17 surfaced five sub-ideas: 
Ideas G16 through G20. As before, the overarching idea, Idea GP5 was the result of a 
combination of the sub-ideas of Purpose G5. It was important to note that the first three 
ideas came from the instruction of Task G16 while the last two ideas came from the 
instruction of Task G17. Thus, the ideas within Purpose G5 were associated with only 
one task unlike those from previous purposes. As a result, students encountered each of 
these ideas once during instruction.  
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Idea GP5: The Number 𝒆 and “Pert”  
Like the other overarching ideas within purposes, Idea GP5—the number 𝑒 can be 
found through various methods; we need 𝑒 for the “Pert” equation which we use for 
contexts dealing with continuous compounding, bacteria, or radioactive decay—was 
derived as a combination of the sub-ideas. Ideas G16 through G19 were captured within 
Idea GP5. Idea G16 and Idea G17 built to a way of finding 𝑒 and contributed to the 
generation of Idea G18. The combination of those three ideas dealt with the first portion 
of Idea GP5 (various methods for finding the number 𝑒) while Idea G19 outlined the 
three contexts for which to use the “Pert” equation. The last idea, Idea G20, did not 
directly contribute to Idea GP5; rather, it described how to obtain the 𝑟 value to plug into 





























































































































Idea G16: Given $1 invested at 100% for 1 year, the compound 





 which we can use to figure 
out the balance after 𝑛 compounds 





 generates smaller and 
smaller differences between current and previous balance values. 
Since there are increasing balance values whose differences are 
decreasing, we have an asymptote 








= 𝑒. The value of 𝑒 can also be found with ∑
1
𝑛!
 ∞𝑛=1  
Idea G19: We need 𝑒 for the “Pert” equation which we use for three 
contexts: 1) continuous compounding, 2) bacteria, or 3) radioactive 
decay 
Idea G20: In 𝑃𝑒𝑟𝑡, the parameters 𝑃 and 𝑡 work the same as before, 
but the 𝑟 value no longer needs to start with the 100%. 
 











 for  
Larger and Larger 𝒏-Values 
Idea G16—given $1 invested at 100% for one year, the compound interest 





 which we can use to figure out the balance after 𝑛 
compounds—surfaced during Task G16: Developing 𝑒. The first portion of Task G16 
depicted multiple, increasing values to plug in for 𝑛 given a context of $1 invested at 
100% for one year (see Figure 48). After describing how to obtain $2 from a single 
compound, Gabe worked to publicly simplify the compounding formula given the 





 and substituted the values 





. Gabe’s actions surfaced a 
transformation via a contrast where the focus was on the representation of the 
information, which changed from context to expression, while the information remained 
unchanged. The contrast made it possible to learn that plugging in the information from 

















. Gabe’s actions generated a contrast where the presentation of the expressions 
varied and the equivalence remained the same. The contrast made it possible for students 










 as equivalent.  






declared the expression could be used to find the balance after 𝑛 compounded. 
175 
 
Considered in conjunction with the two contrasts mentioned above and students’ 
potential previous understanding of how to use the compound interest formula, the 





 as the formula to 
use to solve for the balance after 𝑛 compounded for this context. 
Idea G17: Noticing an Asymptote 





 generates smaller and smaller 
differences between current and previous balance values. Since there are increasing 
balance values whose differences are decreasing, we have an asymptote—surfaced during 
instruction of Task G16: Developing 𝑒 but built from Idea G14 in Purpose G4. Through 
examination of the balance values, Idea G14 established there was an increase in the 
balance values as 𝑛 increased. Idea G17 went further by examining the differences of the 
balance values and establishing that while the balance values were increasing, they did so 
at a decreasing rate.  
During instruction of Task G16: Developing 𝑒, Gabe first simplified the 





 by plugging in the given information. Students 
then calculated balances for various number of compounds per year. Gabe documented 
each value on the board in order. While writing out the values students obtained, Gabe 
constantly remarked at the decreasing additive change between the current and previous 
value. In this way, Gabe drew attention to the additive differences between balance 
values, which varied moving down the table while the context remained invariant. Gabe’s 
instruction surfaced a contrast and made it possible for students to see that an increase in 
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the number of compounds created a smaller and smaller difference between consecutive 
balance values in the given table. 
Once the values were filled in, Gabe gestured down the column of balance values. 
He noted that while the balance values were increasing and getting closer and closer a 
single number, they were slowing down, resulting in an asymptote. These statements by 
Gabe required students to simultaneously consider the increasing balance values and 
decreasing differences in those values. As such, Gabe generated a fusion where both the 
balance values and the differences in the balance values varied while the corresponding 
𝑥-values (or 𝑛-values) remained invariant. The fusion made it possible for students to see 
that increasing balance values and decreasing differences between those balance values 
created an asymptote.  
Idea G18: The Number 𝒆 as an Asymptote,  
Limit, and Summation 








= 𝑒. The value of 𝒆 can also be found with ∑
1
𝑛!
 ∞𝑛=1 —quickly followed 
Idea G17 during instruction of Task G16: Developing 𝒆. Once Gabe established that the 
balance values were increasing at a decreasing rate and were approaching an asymptote, 








 and declared that 𝒆 was used in 𝑦 = 𝑃𝑒𝑟𝑡. Gabe briefly presented students 
with an additional way of finding 𝒆 via an infinite sum (i.e., ∑
1
𝑛!
 ∞𝑛=1 ) but did not discuss 
the method at length.  
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Throughout instruction of Task G16, Gabe focused student attention on finding 𝑒. 













, and finally the summation ∑
1
𝑛!
 ∞𝑛=1 , Gabe surfaced a 
contrast where the methods for finding 𝑒 varied but the resultant value (i.e., 𝑒) remained 
invariant. The contrast made it possible to learn there were multiple ways to obtain 𝑒: as 













, and finding ∑
1
𝑛!
 ∞𝑛=1 . 
Idea G19: The “Pert” Equation 
Idea G19—we need 𝑒 for the “Pert” equation which we use for three contexts: 1) 
continuous compounding, 2) bacteria, or 3) radioactive decay—surfaced during Gabe’s 
introduction to Task G17: Using “Pert.” Gabe began instruction of Task G17 by 
describing conditions when one would need to use the “Pert” equation. He declared one 
should use “Pert” for three different contexts: 1) compounded continuously, 2) bacteria, 
or 3) radioactive decay. Through providing three different contexts for which to use 
“Pert,” Gabe created a contrast where the focus was on when to use “Pert,” which varied, 
while the equation remained invariant.  
Idea G20: Parameters of “Pert”  
Idea G20—in 𝑦 = 𝑃𝑒𝑟𝑡, the parameters 𝑃 and 𝑡 work the same as before, but the 
𝑟 value no longer needs to start with the 100%—emerged from a student question during 
instruction of Task G17: Using “Pert.” The problem asked students to compare the 
balance after 25 years for a $10,000 investment earning 6.75% interest compounded 
continuously and semiannually. After Gabe described the three contexts for which one 
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would use the “Pert” equation, Gabe plugged in the values given in the context to the 
equation 𝑦 = 𝑃𝑒𝑟𝑡 to get 10000𝑒(.0675)(25). After Gabe wrote the expression on the 
board, a student asked whether the 𝑟 value should be 1.0675. Gabe responded no and 
quickly explained the 1 should not be in front because the derivation of 𝑒 already 
accounted for it. Although brief, the exchange surfaced a contrast where the focus was on 
the 𝑟 value, which varied, while the other values remained the same. The contrast made it 
possible for students to see that the 𝑟 value for 𝑦 = 𝑃𝑒𝑟𝑡 was 0.0675 and not 1.0675 for 
this problem. 
Summary of Purpose G5 
During instruction related to Purpose G5, Gabe focused on developing 𝑒 for use 
in the continuous compounding equation: “Pert.” The class completed compound interest 
task with increasing 𝑛 values and the same $1 invested at 100% for one year. Gabe drew 
attention to the decreasing changes in the increasing outputs as 𝑛 gets really large. Gabe 







 and then 
introduced the “Pert” equation as 𝐴 = 𝑃𝑒𝑟𝑡. With three minutes left in class, Gabe 
modeled how to use the “Pert” equation to solve a problem involving continuous 
compounding. Students had the opportunity to learn ideas associated with each of the 
tasks Gabe presented. 
Summary of Gabe’s Case 
 
Gabe’s instruction focused on showing students methods for using exponential 
equations to solve problems. During instruction related to Purpose G1, Gabe made it 
possible for his students to learn how to convert among different representations of 
exponential functions by appealing to the parameter definitions of 𝑎 and 𝑏 in the equation 
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𝑦 = 𝑎𝑏𝑥. In Purpose G2, Gabe presented students with three forms of exponential 
functions, 𝑦 = 𝑎𝑏𝑥, 𝑦 = 𝑎𝑟𝑡, and 𝑦 = 𝑎(1 + 𝑟)𝑡, which he later relied on to solve 
problems. Purpose G3 relied primarily on the equation 𝑦 = 𝑎𝑟𝑡 to solve similar 
exponential problems. Instruction related to Purpose G3 made it possible for students to 
learn how to solve for 𝑟, how to calculate future and past 𝑦-values, and how to find the 
annual average rate of change. Enactment of tasks grouped under Purpose G4 made it 
possible for students to learn how to use the compound interest formula. Finally, 
instruction of tasks related to Purpose G5 made it possible for students to see a 
relationship between the compound interest formula and the number 𝑒. In addition, 
students had the opportunity to see how to plug information into the “Pert” equation and 
for what contexts the “Pert” equation is relevant. 
Cross-Case Analysis 
 
The cases of Evelyn and Gabe contained similarities and differences in what was 
made possible to learn on two levels: global and local. The global comparison examined 
the topics the teachers addressed linked to the teachers’ respective purposes while the 
local comparison captured the treatment of the unique and overlapping topics included by 
the teachers. An examination of the unique topics highlighted the emergence of the 
teacher’s instructional themes. A more in-depth analysis of the overlapping topics 
revealed the differences in the similar ideas made possible to learn by each teacher.  
Global Comparison 
 
Evelyn and Gabe exposed students to six topics:  
1. Converting between or among representations, 
2. Defining components of a general exponential equation , 
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3. Characteristics of exponential functions, 
4. Solving problems using the general form of an exponential equation, 
5. Compound interest, and 
6. Continuous compounding. 
While making gains toward their respective purposes, Evelyn covered the first three 
topics over the course of four days and Gabe covered all but the third topic over the 
course of three days. The first two topics were addressed by both teachers, although in 
different ways.  Table 15 below depicts the categorization of purposes by topic for both 
teachers. Note the categorization of Evelyn’s purposes contained a group of three 
purposes under the first topic while Gabe’s purposes were in one-to-one correspondence 




Categorization of Purposes to Topics for Evelyn and Gabe 
 
Topic Evelyn Gabe 






   
2. Defining components of a 
general exponential equation 
Purpose E2 Purpose G2 
   
3. Characteristics of exponential 
functions 
Purpose E4 NA 
   
4. Solving problems using the 
general form 
NA Purpose G3 
   
5. Compound interest NA Purpose G4 
   




The categorization of Evelyn’s purposes hinted at her instructional theme of 
developing and utilizing the meaning of mathematical objects. Purposes E1, E3, and E5 
were grouped together under the first topic. Recall purposes were labeled in a 
chronological fashion with lower numbers indicating earlier moments of instruction. 
Thus, the grouping of those three purposes indicated Evelyn visited that topic three times: 
once during the beginning, once during the middle, and once at the end of her analyzed 
instruction. The remaining two purposes occurred in between exposure to the first topic 
and supported the ideas made possible to learn within the first topic. By visiting the same 
topic three times over the course of four days, Evelyn provided multiple opportunities for 
students to make sense of and use mathematical ideas related to converting between or 
among representations, supporting her instructional theme of developing and utilizing 
meaning of mathematical objects. 
The categorization of Gabe’s purposes highlighted his instructional theme of 
presenting methods for solving problems related to exponential functions. Gabe’s 
purposes were in a one-to-one correspondence with the topics he taught, suggesting 
broader coverage of exponential functions than that of Evelyn. Within that broader 
coverage, Gabe made it possible for students to learn particular methods for solving 
specific types of problems unique to Purposes G1, G3, G4, and G5. In other words, the 
methods made possible to learn within one purpose were not directly applicable to other 
purposes. Consequently, the methods specific to each purpose were also specific to each 
corresponding topic. As a result, the one-to-one correspondence between the purposes to 
the topics Gabe covered highlighted his instructional theme of presenting methods to 
solve problems related to exponential functions.  
182 
 
Evelyn initiated instruction of exponential functions using exponential growth 
contexts with a growth factor to make sense of Purpose E1 and define the components of 
Purpose E2: the form 𝑦 = 𝑎𝑏𝑥. Once the definitions for the components were in place, 
Evelyn guided students in using that equation to solve an exponential growth problem 
with a percent growth (Purpose E3). Evelyn then tasked students with describing the 
characteristics of exponential equations by examining both tables and graphs (Purpose 
E4) and concluded whole-class instruction with converting from tables and graphs to 
exponential equations of the form 𝑦 = 𝑎𝑏𝑥 (Purpose E5). Evelyn’s instruction related to 
Purposes E1, E3, and E5 all pertained to the first topic: converting between or among 
representations. Purpose E2 was directly related to the second topic—defining the 
components of an exponential equation, and Purpose E4 corresponded precisely with the 
fourth topic—characteristics of exponential functions.  
Gabe began instruction with the creation of exponential equations from three 
tables of values. Gabe implicitly relied on the definitions of the parameters to formulate 
his equations during instruction, which contributed to grouping Gabe’s initial instruction 
with later tasks explicitly converting between representations (Purpose G1). Between the 
first and second opportunities to convert between representations, Gabe defined the 
components of various exponential equations (Purpose G2). The bulk of Gabe’s 
instruction was spent on solving problems using the equation 𝑦 = 𝑎𝑟𝑡 (Purpose G3), 
which he followed with discussions of using the compound interest formula (Purpose G4) 
and the continuously compounding formula (Purpose G5). Gabe’s five purposes were 
directly linked to five different topics. Instruction of tasks under Purpose G1 dealt 
directly with converting between representations, the first topic. Purpose G2 introduced 
183 
 
different exponential equation forms but also incorporated defining some of the 
components of the equations, the second topic. Purpose G3 dealt entirely with solving 
problems using the exponential equation 𝑦 = 𝑎𝑟𝑡, the fourth topic, while Purpose G4 and 
Purpose G5 incorporated discussions of using the compound interest and continuously 
compounded formulas, the fifth and sixth topics, respectively.  
Within each purpose, both teachers had one overarching idea and multiple sub-
ideas. For Purposes E1, E3, and E5, Evelyn’s overarching idea was a culmination of the 
sub-ideas, which depicted necessary attributes of their respective overarching ideas. The 
sub-ideas provided students incremental opportunities to discern the overarching idea. 
The overarching ideas for Purpose E2 and Purpose E4, on the other hand, were a 
combination of their sub-ideas since they contained the elements of their respective sub-
ideas. Gabe, on the other hand, had no overarching ideas that were culminations of the 
sub-ideas. Rather, four of the five of Gabe’s overarching ideas were combinations of their 
respective sub-ideas, while Purpose G2 contained an overarching idea that was tangential 
to the sub-ideas. Gabe’s sub-ideas within each respective purpose were related to one 
another in that they dictated methods for one aspect of the overarching idea. As a result, 
Gabe’s sub-ideas were mostly independent from one another. 
A global comparison of the two teachers revealed similarities and differences in 
the topics they incorporated and the structuring of the ideas they surfaced. An 
examination of the topics revealed both teachers incorporated converting between 
representations and defining the components of a general exponential equation. While 
Evelyn incorporated further examination of the characteristics of exponential functions, 
Gabe moved to solving problems using the general form of an exponential equation as 
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well as compound interest and continuous compounding. In three of the five purposes, 
Evelyn made it possible for students to learn overarching ideas that were culminations of 
the sub-ideas. Gabe, on the other hand, supported the learning of overarching ideas that 
were a combination of the sub-ideas for four of the five purposes. 
Local Comparison 
 
A local comparison of the teachers’ instruction involved examination of both the 
unique and non-overlapping topics. A comparison of the enactment of the topics unique 
to each teacher highlighted the themes derived during the case analyses. Considerations 
of the non-overlapping topics examined the differences in similar ideas made possible to 
learn across teachers.  
Unique Topics 
The enactment of disparate topics taught by the instructors highlighted the 
instructional themes for each teacher. Evelyn covered only one topic, characteristics of 
exponential functions, not explored by Gabe, while Gabe covered three additional topics 
not mentioned during whole-class instruction by Evelyn: solving problems using an 
exponential equation, compound interest, and continuous compounding.  
Throughout instruction, Evelyn developed a theme of building and then utilizing 
meaning of mathematical objects. Evelyn’s instruction of the characteristics of 
exponential functions topic provided students opportunities to ascribe meaning to several 
aspects of exponential functions (Purpose E4). Of particular focus were common points, 
asymptotes, and the 𝑦-intercept (which she also discussed as a common point). Students 
then utilized their understanding of common points to convert from tables of values or 
graphs to an exponential equation of the form 𝑦 = 𝑎𝑏𝑥 (Purpose E5). Evelyn’s 
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instruction of the characteristics of exponential functions topic highlighted her focus on 
building meaning of mathematical objects, which was part of her instructional theme. 
Gabe, on the other hand, focused on establishing methods for using various forms 






and 𝐴 = 𝑃𝑒𝑟𝑡). This theme was evident in Gabe’s inclusion of the three topics unique to 
him: solving problems using the general form of an exponential equation, compound 
interest, and continuous compounding, each requiring a different equation form. The 
instruction of these three topics mainly focused on the use of equations to solve problems 
that dealt with percent growth or decay (Purpose G3), compounded interest (Purpose G4), 
or continuously compounded interest (Purpose G5).  
Overlapping Topics 
Two topics covered by both teachers were converting between representations and 
defining components of a general exponential equation. Broadly speaking, Evelyn and 
Gabe enacted a similar three-part progression for these two topics. First, they initiated 
construction of equations from tables of values before they established a general equation 
form. Second, they provided students definitions of the components of a general 
equation(s), i.e., 𝑦 = 𝑎𝑏𝑥, 𝑦 = 𝑎𝑟𝑡. Third, they used the general equation to facilitate 
movement from a table of values or a graph to an exponential equation.  
Despite the common progression, the enactment of the two teachers surfaced 
different, albeit similar, ideas for students to learn relative to the three parts of the 
progression consistent with their respective instructional themes. Evelyn focused on 
generating opportunities for students to make meaning of mathematical objects and to 
utilize the meaning. Evelyn’s theme was seen within the interconnectedness of her ideas 
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within the two topics. As mentioned in her case, Evelyn’s sub-ideas built toward her 
overarching ideas which, in turn, ended up being a culmination of the sub-ideas. As a 
result, Evelyn integrated both overarching and sub-ideas relative to each topic into the 
comparison. The culmination of sub-ideas into an overarching idea indicated the building 
of meaning, which was consistent with her theme. Gabe, on the other hand, focused on 
establishing methods for using various forms of exponential equations (i.e.., 𝑦 = 𝑎𝑏𝑥, 





, and 𝐴 = 𝑃𝑒𝑟𝑡) to solve problems. In contrast to Evelyn, 
Gabe’s overarching ideas were mostly a combination, rather than a culmination, of the 
sub-ideas. As a result, Evelyn’s overarching ideas were paired against Gabe’s sub-ideas 




Three Part Progression Corresponding to Ideas of Evelyn and Gabe 
 





Idea EP1: Given an exponential growth 
context with an initial value and growth 
factor, we can create a table of values 
from which to write an expression of the 
form 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 ×
𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0, where 𝑥0 is the 
time corresponding to the initial value 
Idea G1: To write equations given a table of values 
where the x-values go up by 1, we start by figuring 
out how the y-values are changing. Then, we identify 
the initial value (y-intercept) and use the information 
about what we are multiplying by each time going 
down the table to formulate an equation of the form 
y = y-intercept (what we multiply by each time)x 






Idea EP2: The general exponential 
equation has the form 𝑦 = 𝑎𝑏𝑥, where:  
𝑦 ≔ 𝑡𝑜𝑡𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡, 𝑎 ≔
 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑎𝑚𝑜𝑢𝑛𝑡, 𝑏 ≔  𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟, 
𝑥 ≔ 𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑. There are restrictions 
on the 𝑏-value that determine growth or 
decay: 𝑏 > 1 is growth while 0 < 𝑏 < 1 
is decay. 
Idea G5: In the exponential function form y = abx, a 
is the “a”riginal/value at zero/y-intercept; b is the 
rate multiplied/amount you’re multiplying by 
Idea G6: An exponent of 𝑥 in an exponential 
function represents the number of times you’re 
multiplying by the base, 𝑏, while an exponent of 𝑡 
represents time 
Idea G7: An exponential function of the form 𝑦 =
𝑎𝑟𝑡 has restrictions on 𝑟. When 𝑟 > 1 the function is 
increasing (exponential growth) and when 𝑟 < 1 the 
function is decreasing (exponential decay). 





Idea EP5: We can write exponential 
equations of the form 𝑦 = 𝑎𝑏𝑥 given a 
table of values or a graph by considering 
the 𝑦-intercept and the point when 𝑥 is 1. 
Idea G4: To write an exponential equation of the 
form 𝑦 = 𝑎𝑏𝑥 from a table or graph, first find the y-
intercept, or value at zero, to plug in for 𝑎. Then find 




Table 16 included the pairing of Evelyn’s overarching ideas and Gabe’s sub-ideas 
for each of the three stages in the similar instructional progression. For the first stage, 
converting before the components were defined, Evelyn’s overarching idea from Purpose 
E1 was paired with Idea G1, Gabe’s first sub-idea in Purpose G1. The second stage, 
defining components of a general exponential equation, paired Evelyn’s overarching idea 
from Purpose E2 with the three sub-ideas within Gabe’s Purpose G2. Finally, in the third 
stage, converting after components were defined, Evelyn’s overarching idea from 
Purpose E5 related to Idea G4, the fourth sub-idea within Purpose G1. Note Evelyn’s 
overarching ideas for Purposes E1, E2, and E5 separated precisely into the three stages 
with one in each stage. Although Gabe’s sub-ideas allowed for the distinction between 
stages, Ideas G1 and G4 were sub-ideas within Purpose G1.  
Discussion of the results of the comparison was grouped according to topic. 
Discussion of the idea related to defining components of a general exponential, the 
second collective topic, occurred before defining components of a general exponential 
equation, the first collective topic. The grouping by topic and the presentation of the 
topics in reverse order relative to their instructional progression occurred for two reasons. 
First, grouping according to topic honored the inherent relationship between Gabe’s sub-
ideas under the purpose of interest. Second, the reversed ordering allowed for a better 
comparison of the ideas made possible to learn before and after the components of a 
general exponential equation were defined. 
Defining Components and Restrictions on the Base Value of a General 
Exponential Equation. Analysis of Evelyn’s and Gabe’s ideas related to defining 
components and establishing restrictions of the base value for general exponential 
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equations (see Table 16) and the variation patterns surfacing those ideas revealed 
similarities and differences in what was made possible to learn. Additional comparison of 
how the teachers situated the ideas within their instruction further differentiated what was 
made possible to learn in each class. Formalization of definitions of components and 
restrictions on the base value occurred during tasks within Purpose E2 and Purpose G2 
for Evelyn and Gabe, respectively. However, due to the nature of Evelyn’s instruction of 
developing meaning, tasks under Purpose E1 contributed immensely to what Evelyn  
made possible to learn related to defining the components for a general exponential 
equation.  
Comparison of Definitions for Components of a General Exponential Equation. 
Both teachers provided opportunities for students to assign meaning to the components of 
exponential equations. Evelyn made it possible for students to assign a single definition 
to the parameters 𝑎 and 𝑏 and the variables 𝑦 and 𝑥 for a single general equation, 𝑦 =
𝑎𝑏𝑥. Specifically, Evelyn established that 𝑦 was the total amount, 𝑎 was the starting 
value, 𝑏 was what we were multiplying by each time period, and 𝑥 was the time period. 
In comparison, Gabe made it possible for students to learn multiple definitions of 
components for an assortment of exponential equations. For the equation 𝑦 = 𝑎𝑏𝑥, 𝑎 was 
the initial value, the “𝑎-riginal” or the 𝑦-intercept, and 𝑏 was what we are multiplying by 
or the rate multiplied; and for an exponent, 𝑥 was the number of times we multiplied by 
𝑏, or 𝑡 was time in the equation 𝑦 = 𝑎𝑟𝑡.  
A direct comparison of the ideas surfaced during the two teachers’ instruction 
indicated they both provided students with opportunities to learn similar definitions for 
the parameters 𝑎 and 𝑏 where 𝑎 was some sort of initial value and 𝑏 was the 
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multiplicative factor but different, yet related, definitions for the variable in the exponent. 
Furthermore, students in Evelyn’s class had the opportunity to assign meaning to all four 
components in a single equation, 𝑦 = 𝑎𝑏𝑥, while students in Gabe’s class had the 
opportunity to the discern three of the four components (𝑎, 𝑏, and 𝑥 or 𝑡) in relation to 
two equations 𝑦 = 𝑎𝑏𝑥 and 𝑦 = 𝑎𝑟𝑡, but not the variable 𝑦.3  
A comparison of the variation patterns surfaced two additional differences in what 
was made possible to learn. First, Evelyn built meaning of the components by 
progressing from a contrast for each component to a generalization for each component 
in the equation 𝑦 = 𝑎𝑏𝑥. As a result, Evelyn’s instruction provided the opportunity for 
ascribing meaning to each component that was separate from, but related to, the other 
components. Gabe’s instruction, on the other hand, surfaced contrasts for three of the four 
components, 𝑎, 𝑏, and the independent variable 𝑥 or 𝑡. The contrasts provided students 
the opportunity to recognize that each of those three components had multiple, associated 
names such as 𝑎 is the initial value, the “𝑎-riginal,” and 𝑦-intercept.  
Second, Evelyn’s instruction surfaced variation looking across three different 
contextual instances. In other words, she situated the contrasts and generalizations for 
each component in the equation 𝑦 = 𝑎𝑏𝑥 within three different contexts containing an 
initial value and growth factor from which the class worked to develop exponential 
equations. By rooting the three different equations within varied contexts, Evelyn 
provided students the opportunity to see the same meaning for each component within a 
different context and thereby constructed a singular meaning for each component across 
 
3 Although Gabe did not explicitly provide students with a definition for 𝑦, he seemed to 
operate with a definition of 𝑦 in mind when he modeled how to use the equation 𝑦 = 𝑎𝑟𝑡 
to solve problems. 
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contexts. Alternatively, Gabe focused attention on the components of equations presented 
without associated contexts and offered multiple definitions for each component via 
contrasts. Contrasts for Gabe were in relation to a single component within the equation, 
while Evelyn’s contrasts were in relation to multiple contexts and representative 
equations. Evelyn built toward singular meanings of the components while Gabe 
provided multiple meanings for components. 
Comparison of the Restrictions on the Base Value. In addition to defining the 
components of the equation 𝑦 = 𝑎𝑏𝑥 (or 𝑦 = 𝑎𝑟𝑡), Evelyn and Gabe made it possible to 
learn different, but similar, restrictions on the base value, 𝑏 (or 𝑟). Evelyn’s instruction 
surfaced 𝑏-value restrictions for exponential decay as 0 < 𝑏 < 1 and exponential growth 
as 𝑏 > 1 in equations of the form 𝑦 = 𝑎𝑏𝑥. Similarly, Gabe established exponential 
growth as corresponding to 𝑟 > 1 and exponential decay as corresponding to 𝑟 < 1 in 
equations of the form 𝑦 = 𝑎𝑟𝑡. Instruction from both teachers provided the opportunity to 
associate exponential growth with a base value greater than one and exponential decay 
with a base value less than one. Evelyn’s instruction expanded the restrictions to include 
the complete interval of the base value for exponential decay: 0 < 𝑏 < 1.  
Evelyn’s and Gabe’s instruction both surfaced contrasts in relation to the 
restrictions on the base value. Two important distinctions between how the contrasts 
occurred contribute to the differences in what was made possible to learn during 
instruction for each teacher. First, the foci of the two contrasts were different. Evelyn’s 
contrast surfaced during a focus on articulating the difference between exponential 
growth and decay. The restrictions on the base values came from the need to distinguish 
between exponential growth and decay equations. Gabe’s contrast surfaced while the 
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focus was on the possible values for 𝑟, which varied across the two examples he 
considered (i.e., the 2 in 𝑦 = 1(2)𝑥 and the 
1
3





). The 𝑟 values were the 
determining factor of why an equation was growth (increasing) or decay (decreasing). 
Thus, the two teachers reversed the foci of the contrasts; Evelyn’s contrast allowed the 
difference between growth and decay to surface the restrictions, while Gabe gave his 
students the restrictions and attached growth or decay equations to them. Second, 
Evelyn’s contrast arose due to building meaning across tasks. As a result, the contrast 
allowed students the opportunity to expand their understanding of the 𝑏 value in the 
equation 𝑦 = 𝑎𝑏𝑥. Gabe’s contrast, on the other hand, surfaced during a single task when 
he provided the restrictions to students.  
Using a Table or Graph to Write an Equation of the Form 𝒚 = 𝒂𝒃𝒙. Evelyn 
and Gabe provided opportunities for students to learn about writing an exponential 
equation from a table or a graph. Each teacher provided students opportunities to learn 
how to write an exponential equation from a table of values both before and after 
defining components of an exponential equation 𝑦 = 𝑎𝑏𝑥. In addition, the teachers made 
it possible for students to learn methods for writing an exponential equation from a graph. 
Before the Components Were Defined. Before defining components of an 
exponential equation, Evelyn and Gabe provided opportunities for students to build 
exponential expressions or equations from tables of values (see Table 16 above). Both of 
what was made possible to learn and the associated variation differed between teachers. 
Evelyn’s instruction focused on articulating how to use a generated table of values to 
visualize and extrapolate a multiplicative pattern. She provided opportunities for students 
to make sense of the role of the growth factor in relation to the starting value and 
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exponent while encouraging procedural fluency. Gabe’s instruction, on the other hand, 
focused on showing students what to identify in tables of values to write an exponential 
equation. Using the 𝑦-intercept and the multiplicative pattern students observed, he 
created an equation for the first table and then had students repeat that process for the 
remaining two tables. Variation was heavily prevalent during the emergence of Evelyn’s 
Idea EP1, appearing both within single contexts and across contexts. In comparison, 
Gabe’s instruction that surfaced Idea G1 and Idea G2 contained variation within a single 
task. Both teachers had moments with contrasts and generalizations, while only Evelyn 
incorporated a fusion.  
Both teachers provided opportunities for students to learn how to generate an 
exponential expression of the form akin to 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒(𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟)𝑥. Evelyn’s 
instruction that surfaced Idea EP1 made it possible for students to assign meaning to the 
role of the growth factor in relation to the role of the initial value and exponent. Since 
Idea EP1 surfaced from Ideas E1 through E5, students had the opportunity to recognize 
the growth factor’s role in writing 𝑦-values in a table of values as a multiplicative, 
exponential expression (e.g., 3.2 × 33) and the relationship between the exponent of the 
growth factor and the 𝑥-value in the table. Gabe, on the other hand, provided 
opportunities for students to learn what 𝑦-values to look at within a table of values to 
generate an equation. In particular, one must examine the value of the 𝑦-intercept to 
create the first value in the equation and to find the multiplicative factor, one must notice 
a pattern in the 𝑦-values moving down the table or divide two consecutive 𝑦-values4. 
Although different in their instruction, both teachers’ instruction made it possible for 
 
4 It was important to note that Gabe’s tabular functions all had Δ𝑥 = 1. 
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students to discern how to move from a table of values to an equation. While Evelyn 
provided opportunities for students to discern the form of the equation by examining 
multiplicative patterns, Gabe taught students to what to attend in a table of values in order 
to write an equation.  
Evelyn’s and Gabe’s instruction surfaced contrasts and generalizations; Evelyn’s 
instruction surfaced a fusion. Two factors of interest arose from comparing the variation 
types and patterns between teachers: (a) the progressions of variation types within ideas 
with respect to dimensions of focus and (b) the grain size of the variation patterns for 
each teacher. First, both teachers’ instruction surfaced contrasts before generalizations for 
each idea. For Evelyn, the variation patterns leading to Idea EP1 were complex because 
of the intricate relationship to the five sub-ideas. Looking across the instruction of the 
five sub-ideas, the variation types progressed from contrasts to generalizations for each 
sub-idea, with both the contrast and generalization occurring in relation to the same 
dimension of focus for each sub-idea. As a result, Evelyn provided opportunities for 
students to discern necessary attributes of the associated ideas and to make meaning of 
those ideas. Gabe’s instruction also led to contrasts and generalizations for each idea. 
However, for Idea G1, the dimension of focus differed for the contrasts and 
generalizations. The contrasts focused on finding the multiplicative change of a given 
table while the generalizations focused on the form of the equation for a given table. Idea 
G2 had the same dimension of focus for the contrast and generalizations, which was 
calculating the multiplicative factor.  
Second, the grain size of variation patterns for each teacher noticeably varied. In 
other words, Evelyn had a similar variation pattern within two tasks that allowed for Idea 
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EP1 to surface twice: once within each task and again when looking across tasks. This 
resulted in three different opportunities for students to make sense of Idea EP1. Gabe’s 
instruction also surfaced a variation pattern in relation to multiple tables of values. 
However, the same variation pattern was not present during instruction for each table of 
values. Rather, Gabe’s variation pattern related to Idea G1 was only seen when looking 
across the instruction of the three tables of values appearing in Task G1. Thus, although 
students generated equations from three tables of values, the variation pattern surfacing 
Idea G1 occurred only once.   
After the Components Were Defined. After defining the components of the 
exponential equation, both teachers asked students to generate equations from tables and 
graphs, relying on what they previously established for the meanings of the parameters of 
the equation 𝑦 = 𝑎𝑏𝑥.  Both Evelyn and Gabe focused on making public the strategies or 
ways of writing an equation from a table of values with Δ𝑥 = 1 or a graph. Evelyn and 
Gabe highlighted similar, general methods for writing an equation from a table of values 
but slightly different methods for writing an equation from a graph. These similarities and 
differences were echoed in the variation patterns that surfaced what was made possible to 
learn in each classroom.  
For translating from a table of values with Δ𝑥 = 1, Evelyn and Gabe made it 
possible for students to learn that to find the equation from a table of values, one must use 
the 𝑦-value of the 𝑦-intercept for the 𝑎 value and use what was being multiplied by each 
time for the 𝑏 value to get an equation of the form 𝑦 = 𝑎𝑏𝑥. Despite the similarities in 
the strategies from a table of values to a graph, Evelyn and Gabe presented slightly 
different methods for obtaining an equation from a graph. The strategy made possible to 
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learn in Evelyn’s class relied on the common points (0, 𝑎) and (1, 𝑎𝑏). Using those 
points, students identified the 𝑎 value and could determine the 𝑏 value to write the 
equation 𝑦 = 𝑎𝑏𝑥. Gabe’s strategy, on the other hand, was identical to the method for 
translating from a table to an equation. In particular, one must find the 𝑦-intercept and 
then determine what the function is multiplying by each time. Gabe used no specific 
point, other than the 𝑦-intercept, as a reference to the graph. 
Both teachers moved from contrast to generalization to establish methods for 
translating to an equation, which was the focus of both teachers’ instruction. However, 
there were some distinct differences. Although Evelyn’s focus for situations involving 
tables of values and graphs remained on obtaining a strategy for finding the respective 
equation, Evelyn progressed from contrasts to a generalization for each translation. In 
other words, Evelyn established the strategies for translating from a table to an equation 
as separate from translating from a graph to an equation before briefly comparing some 
similarities between the two strategies. Gabe, on the other hand, progressed from contrast 
to generalization as he moved from translating from a table to an equation and then from 
a graph to an equation. Since the method of obtaining an equation remained the focus and 
identical from one representation to the other, Gabe had only one instance of progression 
from contrast to generalization. 
Summary of Results 
 
The cases of Evelyn and Gabe included similarities and differences at both the 
global and local levels. Examination of the global level revealed the two teachers taught a 
total of six topics. They both taught two topics but differed in the remaining four topics 
with Evelyn teaching one topic unique to her and Gabe teaching three topics unique to 
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him. The sub-ideas Evelyn made possible during instruction of the three topics she taught 
built on each other and culminated into the overarching ideas within their respective 
purposes. Gabe’s sub-ideas, on the other hand, combined rather than culminated to 
generate their respective overarching ideas. A comparison of the ideas made possible to 









DISCUSSION AND IMPLICATIONS 
Analysis of Evelyn’s and Gabe’s instruction provided answers to the following 
research questions: 
Q1 What mathematics was made possible to learn around exponential 
functions during instruction in two high school classrooms? 
 
Q2 What are similarities and differences in the mathematics made possible to 
learn found between the two high school classrooms? 
 
Investigation of Q1 revealed an instructional theme, purposes, overarching ideas, 
and sub-ideas for each teacher while a comparison of Evelyn’s and Gabe’s instruction 
presented an answer to Q2. Beyond answering the research questions, the results and 
methods of this study contributed to the broader field of mathematics education. 
Together, these two cases provided insight into the spectrum and the quality of 
mathematics the teachers made possible to learn and have implications for policy, 
practice, and research. Furthermore, the usefulness of VTL (Marton, 2015) as an analytic 
lens contributed to both research and practice. 
Overview of Results 
Together, Evelyn and Gabe exposed students to six topics: 
1. Converting between or among representations, 
2. Defining components of a general exponential equation, 
3. Characteristics of exponential functions, 
4. Solving problems using the general form of an exponential equation, 
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5. Compound interest, and 
6. Continuous compounding. 
Evelyn covered the first three topics while Gabe covered all but the third topic. 
Thus, both teachers addressed the first two topics. Gabe’s five purposes had a one-to-one 
relationship between the five topics he covered while three of Evelyn’s purposes related 
to the first topic, converting between or among representations with the remaining two 
purposes each corresponding to a single topic. Gabe’s direct alignment between purposes 
and topics portrayed a breadth of topics related to exponential functions and the 
application of exponential functions to solve problems, in particular. In contrast, Evelyn’s 
alignment of purposes provided opportunities for a deeper understanding of the topics she 
taught. 
In general, Evelyn focused on developing and then using the meanings of the 
components in the equation 𝑦 = 𝑎𝑏𝑥. She grounded the meaning of the equation 𝑦 =
𝑎𝑏𝑥 in repeated multiplication seen within three different contextual situations. Once she 
established the meanings of the components in the equation, Evelyn provided 
opportunities for her students to use the equation to solve a contextual percent growth 
situation. Then, Evelyn established characteristics of exponential functions and had 
students convert from tables of values and graphs to equations of the form 𝑦 = 𝑎𝑏𝑥. 
Evelyn’s instruction encouraged a deep understanding of exponential functions in terms 
of the relationship 𝑦 = 𝑎𝑏𝑥, graphical characteristics, and conversions among tables, 
graphs, and equations.  
In contrast, Gabe exposed his students to a breadth of situations involving 
exponential growth or decay. He focused on providing his students with methods to solve 
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those various situations based on multiple forms of exponential equations (e.g., 𝑦 = 𝑎𝑏𝑥, 





, 𝐴 = 𝑃𝑒𝑟𝑡). When presenting an exponential context situation, 
Gabe modeled how to use the appropriate exponential equation. Gabe selected an 
equation, plugged in the given information, and then solved for what the problem 
requested. By solving multiple, different contextual problems using various forms of 
exponential equations, Gabe displayed a breadth of situations for which one could use 
exponential functions.  
In addition to the alignment between purposes and topics, the depth of Evelyn’s 
instruction and the breadth of Gabe’s instruction were reflected in the relationships 
between their respective overarching ideas and sub-ideas. Specifically, when the 
overarching ideas for each purpose were a culmination of the sub-ideas, students had 
opportunities to deepen their understanding of the mathematics within the overarching 
idea. This occurred for three of five purposes in Evelyn’s case. As a result, the 
overarching ideas Evelyn provided her students to learn reflected a depth of 
understanding relative to that topic. Conversely, an overarching idea that was a 
combination of the sub-ideas typically indicated that students had the opportunity to learn 
a multitude of related ideas at a surface or procedural level. Four of five of Gabe’s 
overarching ideas were combinations of the respective sub-ideas, which contributed to 
the broad number of topics he was able to cover. Overall, Evelyn provided her students 
more opportunities to deepen their understanding of mathematics while Gabe presented 
students with a shallow understanding across more topics. 
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Interpretations and Implications of Results 
The instruction of both teachers seen through the literature provided insight into 
the quality of the mathematics Evelyn and Gabe offered. Evelyn and Gabe both provided 
opportunities for their students to develop covariational understanding of exponential 
growth (Ellis et al., 2016). In other words, both teachers encouraged some understanding 
of the relationship between the growth in 𝑦 and the growth in 𝑥; however, Evelyn 
provided opportunities that went beyond those offered by Gabe. The learning trajectory 
Evelyn enacted to engender coordination between the growth in 𝑥 and the growth in 𝑦 
has implications for teaching and research. Both Evelyn and Gabe also included 
instruction on converting between multiple representations. Their instruction offered 
students the chance to further their conceptualization of exponential functions (Elia et al., 
2007) and given the minimal research connecting ways of instruction with student 
learning, further investigation is needed in this area.  
Developing Covariational  




One way of assessing the quality of mathematics instruction is to examine what 
was made possible to learn during instruction through the lens of a pre-existing 
framework. Assessing the quality of mathematics instruction was not the purpose of this 
dissertation; however, seen through a framework, the results could be used to think about 
the quality of a teacher’s instruction with respect to what was made possible to learn. The 
work of Ellis et al. (2015, 2016) in developing the EGLT leant itself to comparing some 
of the ideas Evelyn and Gabe surfaced during instruction.  
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Evelyn and Gabe both grounded their use of exponential equations in repeated 
multiplication, a common approach in the teaching of exponential functions (Confrey & 
Smith, 1995; O’Bryan, 2018). While some claimed a conceptualization of exponential 
functions rooted in repeated multiplication caused issues for teachers and students alike 
(Ström, 2008; Weber, 2002), others suggested there were ways to build from a foundation 
of a repeated multiplication conceptualization to develop a various views of exponential 
functions (Ellis et al., 2015, 2016). Ellis et al. (2016) presented three stages in developing 
a covariation view of exponential growth.  The early covariational reasoning stage 
described by Ellis et al. (2016) involved movement from repeated multiplication to initial 
coordination of growth in 𝑦 with growth in 𝑥. There are three phases within the early 
covariational reasoning stage. The first phase involves implicit coordination between 
growth in 𝑦 and 𝑥 while the second phase is explicit coordination between growth in 𝑦 
and 𝑥. In other words, students experiencing the second phase recognize time, or the 𝑥 
value, as a quantity and articulate the quantity during descriptions of the relationship 
between 𝑦 and 𝑥 values. Students operating within the first phase do not refer to time, or 
the value of 𝑥, in relation to the 𝑦 values. The final phase involves coordinating the 
change in 𝑦 with multiple-unit changes in 𝑥 through repeated multiplication. 
Students within both Evelyn’s and Gabe’s classes encountered mathematical ideas 
consistent with attributes of the first covariation stage outlined by Ellis et al. (2016),: 
early covariational reasoning. However, the ideas made possible to learn in Evelyn’s 
class went beyond those that emerged in Gabe’s class and allowed for completion of the 
early covariational reasoning stage. Evelyn’s sequence of ideas that allowed the 
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opportunity for completing the first stage has implications for the implementation and 
research of a learning trajectory for engendering understanding of exponential growth.  
During instruction related to Purpose G1, Gabe made it possible for students to 
coordinate repeated multiplication for 𝑦 with unit increases in 𝑥 without explicit attention 
to the covariation between 𝑦 and 𝑥, which is phase one of early covariational reasoning. 
Within instruction of Purpose G1, Gabe continually referenced the growth factor as 
“what we are multiplying by each time,” a phrasing that suggested attention to the 
repeated multiplication nature of the 𝑦 values without coordination to how the 𝑥 values 
were changing. Ideas G1 through G4 all contained language consistent with 
understanding the growth factor independent of the time component (see Table 17). 
Although it was possible the particular phrasing surfaced as a consequence of only using 
tasks where Δ𝑥 = 1, there was no explicit coordination between the change in 𝑦 and the 
change in 𝑥. As a result, Gabe made it possible for his students to progress to the first 












Phase One Idea G1: To write equations given a table of values where 
the x-values go up by 1, we start by figuring out how the 
y-values are changing. Then, we identify the initial value 
(y-intercept) and use the information about what we are 
multiplying by each time going down the table to 
formulate an equation of the form y = y-
intercept(what we are multiplying by each time)x 
 
Idea G2: We can find what we are multiplying by each 
time by dividing two, consecutive y-values in a table 
where the x-values go up by 1 
 
Idea G3: We can use an equation of the form 𝑦 = 𝑎𝑏𝑥 to 
fill in a table where Δ𝑥 = 1. First, take 𝑎 to be the y-
intercept/value at zero. Then multiply by 𝑏 going down 
the table and divide by 𝑏 (or multiply by 
1
𝑏
) going up the 
table. 
 
Idea G4: To write an exponential equation of the form 
𝑦 = 𝑎𝑏𝑥 from a table or graph, first find the y-intercept, 
or value at zero, to plug in for 𝑎. Then find what you are 
multiplying by each time and plug in for 𝑏. 
 
The opportunities Evelyn provided her students around the development of the 
equation 𝑦 = 𝑎𝑏𝑥 grounded in repeated multiplication made it possible for her students 
to learn ideas consistent with completion of the early covariational reasoning stage 
outlined by Ellis et al. (2016). The ideas within Purpose E1 provided evidence of the shift 
(see Table 18). Specifically, Idea E2 and Idea E3 aligned with the first phase, Idea E4 
with the second, and Idea E5 with the third. Idea E2 and Idea E3 illuminated the 
multiplicative increase in 𝑦 values without explicit attention to time. Idea E2 incorporated 
a generic description of “some power” for the exponent while Idea E3 outlined the 
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eventual noticing of the pattern “go up by one” in the exponent between consecutive 𝑦 
values. Within these two ideas, Evelyn discussed the 𝑦 value without explicit connection 
to the corresponding 𝑥 value. The next idea, Idea E4, articulated the explicit relationship 
between the 𝑦 value and the 𝑥 value, the second phase in early covariational reasoning. 
Namely, for every one-year increase, the exponent in the 𝑦 value went up by one. Finally, 
Idea E5 articulated the explicit coordination for multiple-unit changes. Specifically, the 
expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 × (𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟)𝑥−𝑥0 where 𝑥0 was the time associated 
with the initial value indicated that Evelyn gave her students the opportunity to 
coordinate the number of multiples of the growth factor to how far away, time-wise, the 









Phase One Idea E2: The multiplicative process for each y-value can be 
written as an exponential expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 ×
𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟. 
Idea E3: In a table where Δ𝑥 = 1, the exponent values of 
the expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 ×
𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 go up by a value of one. 
  
Phase Two Idea E4: The exponent in the expression 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 ×
𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑠𝑜𝑚𝑒 𝑝𝑜𝑤𝑒𝑟 is related to the corresponding 
𝑥-value. 
  
Phase Three Idea E5: The expression representing the 𝑦-value for a 
given context can be written as 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 ×
𝑔𝑟𝑜𝑤𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟𝑥−𝑥0, where 𝑥0 is the time corresponding 




Unlike Gabe, Evelyn chose tasks where the contextual situations contained 
growth factors with coordination between the dependent and independent variable (e.g., 
number of fruit flies quadruples every day), which might have encouraged movement 
within the first conceptual shift. During whole-class discussion of the tasks, Evelyn 
facilitated the creation and discussion of tables of values to make sense of the situation 
and to generate an equation. Like Gabe, Evelyn only considered growth factors with 
single units of time, or where Δ𝑥 = 1, generating initial portions of tables of values with 
consecutive 𝑦 values. However, to assist in the generation of an exponential expression 
for the situation, Evelyn asked her students to determine an expression for a 𝑦 value 
corresponding to a far off 𝑥 value, further encouraging the coordination between the 
growth in 𝑦 and 𝑥. As such, it was possible for Evelyn’s students to develop a foundation 
toward a rich covariational understanding of exponential growth, a notion advocated for 
within the literature (O’Bryan, 2018; Thompson, 2008; Thompson & Carlson, 2017; 
Weber, 2002).   
The alignment between Evelyn’s ideas to the phases of early covariational 
reasoning of the EGLT had implications for practice and research. During the emergence 
of Ideas E2 through E5, Evelyn followed the same instructional pattern: examine a few 
consecutive 𝑦-values, develop an expression for a far off 𝑦-value, and then generate an 
overall expression. The inclusion of the expression for a far off 𝑦-value provided the 
opportunity for students to experience a generalization of the relationship between the 
growth in 𝑥 and the growth in 𝑦, which was critical to developing covariational 
understanding. Ellis et al. (2016) followed a similar pattern of first considering 
consecutive 𝑦-values and then providing opportunities for students to articulate the 
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growth when Δ𝑥 ≠ 1. They hypothesized the introduction of larger gaps between the 𝑥 
values encouraged students to coordinate the growth in 𝑥 and the growth in 𝑦. Given that 
the instructional pattern did encourage Evelyn’s students to experience the first 
conceptual shift, perhaps the hypothesis proposed by Ellis and colleagues was correct. If 
that is the case, instruction aimed at developing a covariational understanding of 
exponential growth should proceed in a manner consistent with studying consecutive 𝑦 
values and then “far-off” 𝑦-values as did Evelyn. Although the instructional pattern was 
common to both Evelyn and the teaching experiment employed by Ellis et al. (2015, 
2016) and seemed to engender a rich understanding of the coordination between the 
changes in 𝑥 and 𝑦, the learning trajectory needs further investigation to link the 
instruction with learning outcomes before it is widely adopted. 
Strengthening the Understanding  
of Function 
 
Both Evelyn and Gabe provided students opportunities to convert from a table of 
values or a graph to an exponential equation. Evelyn and Gabe emphasized the method or 
strategy for accomplishing such conversions as finding the initial value and what was 
being multiplied by each time and plugging those values into the equation 𝑦 = 𝑎𝑏𝑥 for 𝑎 
and 𝑏, respectively. Through incorporating multiple representations for the same 
function, Evelyn and Gabe provided opportunities for their students to build a more 
robust understanding of the concept of function (Elia et al., 2007), and exponential 
functions in particular. 
Evelyn and Gabe provided students with opportunities to connect mathematical 
representations by highlighting the associated attributes for the parameters 𝑎 and 𝑏 in the 
tables and graphs. The actions of both teachers were consistent with the mathematical 
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teaching practice of “use and connect mathematical representations,” which could deepen 
understandings of mathematical concepts and procedures for their students (National 
Council of Teachers of Mathematics, 2014, p. 3). Knowledge of multiple representations 
provided a more complete conception of function (Elia et al., 2007). Researchers have 
documented ways in which graphs, equations, and tables highlighted various attributes of 
functions. For instance, graphs communicate information about the shape and direction of 
the relationship between variables (Ainsworth et al., 2002), formulas benefit the 
procedural nature (Kollöffel et al., 2005), while tables illuminate the patterns and 
regularities of functions (Ainsworth et al., 1998). However, mathematics education 
researchers have done little, if any, research on the nature of opportunities teachers 
provide for students to convert among forms (Cunningham, 2005). It is reasonable to 
assume that establishing the relationship between representations (i.e., from a table of 
values or a graph to an equation) through the meaning of the equation 𝑦 = 𝑎𝑏𝑥 was 
beneficial for students. The lack of research within this area suggests the need for more 
investigation into how teachers could engender the types of understandings for the 
connections between representations the mathematics education community desires. 
Contributions of Methods 
The adoption of VTL (Marton, 2015) proved useful for extracting what was made 
possible to learn during instruction. The theory allowed for a systematic construction of 
the ideas brought forth from the variation patterns for both Evelyn and Gabe and 
provided structure for deducing the relationships between and among ideas. These 
beneficial attributes have implications for both research and practice. 
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Integration with Observation  
Protocol 
 
The use of VTL (Marton, 2015) as a research lens supported me in seeing the 
emergence of mathematical ideas made possible to learn during instruction. Analysis of 
instruction using VTL required identification of the focus of attention along with the 
variation that occurred in relation to the focus of attention. Examination of the focus and 
related variation patterns supported the identification and construction of the 
mathematical ideas made possible to learn from instruction. Although researchers have 
advocated the benefits of using VTL to identify the mathematics made possible to learn 
during instruction (Kullberg et al., 2017; Runesson, 2006), few, if any, have employed 
VTL as an analytic lens on instruction not based on VTL. The cases of Evelyn and Gabe, 
along with their descriptions of instruction (see Appendices B and C), provided examples 
of how researchers could use VTL to document the ideas made possible to learn during 
instruction not based on the tenets of VTL.  
Tools designed for observation of classroom instruction abounded in the 
education field. Most of these observation tools focused on teaching practices with 
varying degrees of content specificity (Charalambous & Praetorius, 2018). Research has 
shown that observation protocols aimed at capturing the use of generic teaching practices 
have shown little differentiation in the quality of teaching (Hill & Grossman, 2013) 
despite differences in student achievement. An initial explanation for the lack of 
correlation between student achievement and teaching quality was the focus of the 
instruments on generic, rather than content specific, practices. In response, mathematics 
education researchers designed observation tools to account for a myriad of teaching 
practices ranging from those generic in nature (e.g., allotted student work time and 
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structured information presentation) to mathematics specific (e.g., precise mathematical 
language and connecting multiple representations). Although hybrid observation tools 
that combined generic and mathematics specific practices have shown anecdotal promise 
in connecting instructional quality with student achievement, there is a need for 
incorporating additional explanatory measures beyond what instruments have done so far 
(Praetorius & Charalambous, 2018). 
One potential way of increasing the correlation between instructional quality and 
student achievement would be through expanding what is observed for in the classroom. 
While popular observation protocols like the Mathematical Quality of Instruction 
(Learning Mathematics for Teaching Project, 2011), M-Scan (Walkowiak et al., 2014), 
and Instructional Quality Assessment Mathematics Toolkit (Junker et al., 2005) attended 
to instructional quality specific to mathematics, they lacked a mechanism for extracting 
and describing what was made possible to learn in the classroom. Since the mathematical 
content made available to students is a critical dimension for describing the opportunities 
to learn students are exposed to during classroom instruction (Schmidt & Maier, 2009), 
the field needs a way of identifying and describing enacted content to provide a more 
complete picture of instructional quality.  
Although one could use many different observation protocols or tools to evaluate 
the quality of Evelyn’s and Gabe’s instruction, no current protocol would have 
determined instructional quality from a lens of what was made possible to learn. The 
VTL (Marton, 2015) provided a powerful structure for surfacing what was made possible 
to learn while thematic analysis supported the reframing of the emergent mathematics as 
mathematical ideas. Once identified and described, one could determine the quality of the 
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mathematical ideas each teacher made possible to learn, which further describes 
instructional quality. For example, examining Evelyn’s and Gabe’s mathematical ideas 
through the lens of the levels of covariational understanding outlined in Ellis et al.’s 
(2016) EGLT surfaced differences in their instructional quality. In particular, Evelyn 
provided opportunities for her students to progress further toward a covariational 
understanding of exponential growth than did Gabe. As such, VTL as an analytic lens 
provided the foundation upon which one could assess instructional quality from a lens of 
what was made possible to learn. Incorporating the assessment of instructional quality 
from a perspective of what was made possible to learn with an existing protocol might 
provide a more complete picture of a teacher’s overall instructional quality. 
Future work to integrate a VTL (Marton, 2015) lens for identifying the 
mathematics made possible to assessing instructional quality would need to consider an 
important limitation. A VTL lens for analysis was limited by my mathematical 
knowledge and understanding. Vital to the usefulness of this theory was my ability to 
recognize the necessary dimensions one needs to see and attend to in order to discern the 
object of learning. Thus, observation tools adopting a VTL lens might be restrained by 
who is able to successfully employ the tool.  
Tool for Supporting Teachers 
 
Beyond simply identifying the ideas made possible to learn during instruction, 
VTL (Marton, 2015) provided a tool for describing the relationships between and among 
the ideas teachers made possible to learn. By examining instruction through the lens of 
VTL, the observer could identify the focus of attention and whether variation occurred in 
relation to that focus. Analysis of an idea and the associated focus of attention and 
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variation patterns revealed how and whether multiple ideas could be synthesized together 
to create a more general, overarching idea or whether the ideas could be combined to 
form an overarching idea. Overarching ideas were a synthesis, or culmination, of their 
respective sub-ideas when the sub-ideas articulated important attributes or dimensions of 
the larger, overarching idea. A combination overarching idea occurred when, as a 
collection, the sub-ideas articulated the exact components of the overarching idea. 
Evelyn’s overarching ideas within Purposes E1, E3, and E5 were prime examples of a 
culmination of sub-ideas while Gabe’s overarching ideas within Purposes G1, G2, G3, 
and G5 were examples of a combination of sub-ideas. The use of VTL as an analytic lens 
provided a tool for seeing the culmination or combination of ideas within Evelyn’s and 
Gabe’s instruction.  
The usefulness of VTL (Marton, 2015) as an analytic lens for identifying 
relationships between ideas has implications for supporting teachers of mathematics here 
in the United States. With continued calls for more focused and coherent instruction, 
there is a need for “content-driven capacity building professional development for 
teachers” (Schmidt, 2012, pp. 152-53). Creating effective professional development for 
teachers requires learning experiences that relate to the organization and delivery of 
specific content teachers will offer their students (Patton et al., 2015). Therefore, 
foundational to professional development aimed at engendering focused and coherent 
instruction would be the creation of examples and ways for identifying focused and 
coherent instruction. Given the capacity of VTL to identify relationships between and 
among mathematical ideas that emerged during instruction, VTL could be used to 
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identify and formulate examples of focused and coherent instruction for use in 
professional development. 
Evelyn’s case was an example of instruction containing focused and coherent 
instruction with opportunities for learning rich mathematics. Evelyn provided students 
with opportunities to conceptualize exponential functions through a scaffolding of ideas. 
For example, during instruction related to Purpose E1, Evelyn made it possible for her 
students to learn the overarching idea (Idea EP1) as a culmination, or synthesis, of the 
sub-ideas. Instruction related to Purpose E2 then rearticulated the ideas of Purpose E1 
and built upon them to formulate definitions of variables and parameters of a general 
form 𝑦 = 𝑎𝑏𝑥. A lens of VTL (Marton, 2015) provided a way to see the connections 
between the sub-ideas and overarching ideas both within and across those two purposes.  
To engender focused and coherent instruction that provides opportunities for 
learning rich mathematics, professional development for teachers must contain examples 
of and ways for identifying such instruction (Patton et al., 2015). Thus, there is a need for 
a repertoire of cases, like Evelyn’s, depicting and describing opportunities for learning 
rich mathematics. This study suggests a repertoire could be built using VTL (Marton, 
2015) as an analytic lens to identify and describe instances during instruction where 
students are provided opportunities for learning rich mathematics. The repertoire could 
then be used to support teachers in envisioning how to structure instruction involving the 
learning of rich mathematics through focused and coherent instruction. 
Limitations 
Identification, and therefore documentation, of what was made possible to learn 
during Evelyn’s and Gabe’s instruction was limited by restricting analysis to whole-class 
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instruction and by my capabilities. As a result of these limitations, the mathematical ideas 
included within this study were a subset of what was made possible to learn during 
instruction. As a reminder, it is vital to understand the ideas documented within this study 
portrayed what was made possible to learn and did not reflect what students should come 
away from instruction knowing. 
Delimiting analysis to portions of whole-class instruction eliminated the 
possibility of uncovering what was made possible to learn during individual or group 
work time. This delimiting emerged as a consequence of the video data not capturing 
individual group discussions as well as the desire to capture what was made available to 
learn for all students. Both teachers incorporated individual or group work time to their 
instruction. Occasionally during those times, students would work on tasks that were 
never discussed during whole-class instruction. As a result, the variation students 
experienced during individual or group work time was not readily accessible to the 
observer and the ideas made possible to learn during those times were not able to be 
included in this study.  
Using VTL (Marton, 2015) as an analytic lens required the capacity to notice 
variation contributing to a particular mathematical idea. Moreover, one’s capacity to 
notice was reliant on one’s understanding of the content being observed. Subsequently, 
the documented ideas of Evelyn’s and Gabe’s instruction were intricately tied to my 
understanding of exponential functions. Although every effort was made to capture what 
was made possible to learn during the two teachers’ instruction, there was no guarantee I 




One path for extending this dissertation work would be to pursue strategies for 
assessing instructional quality. First, there is a need for explicit documentation of the 
methodology for identifying and describing the mathematics made possible to learn 
before one could assess the quality of that instruction in relation to the mathematics. A 
detailed methodology is particularly important since VTL (Marton, 2015) has not been 
used extensively to analyze instruction not based on the tenets of VTL. The VTL was 
useful for identifying what was made possible to learn and was used extensively 
throughout this research. Although described from a broad perspective in Chapter III, 
details of how to operationalize the methods given a transcript and video would be 
helpful for others to take up this work. Thus, a methodological paper highlighting how 
and when VTL was used to bring out the mathematics made possible to learn is needed. 
Once the methodology for conducting analysis of instruction to describe what was 
made possible to learn is available, a way of distinguishing the quality of instruction 
related to what was made possible to learn is needed. One way of beginning to address 
this need is through a study of the instruction of many teachers (e.g., 10) around a single 
topic (e.g., developing covariational understanding). Extending the investigation to many 
teachers would allow for a broader comparison of similar ideas. The comparison of ideas 
would likely surface a continuum of instructional quality which would potentially allow 
for distinctions among teachers based on the mathematics made possible to learn without 




Evelyn and Gabe made it possible to learn different mathematical ideas related to 
exponential functions. Critical to recognizing the differences between what the teachers 
made possible to learn was the use of VTL (Marton, 2015) as an analytic lens. The VTL 
was useful for identifying and describing what mathematical ideas emerged from 
instruction, which then allowed for the comparison of ideas across teachers. Although a 
VTL analysis revealed differences in what was made possible to learn across Evelyn’s 
and Gabe’s instruction, those differences could not directly allow for distinguishing 
between the teachers’ instruction quality. To make such distinctions, additional 
frameworks, like the EGLT (Ellis et al., 2016), would be needed to gauge the quality of 
instruction in relation to what was made possible to learn. However, future work could 
alleviate the reliance on outside frameworks by creating a continuum of instructional 
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Day 1 of Evelyn’s Instruction 
The first observation of Evelyn’s instruction was approximately an hour and 
twenty minutes long. During this time, the class completed three tasks and an exit ticket. 
The first task required students to evaluate expressions with exponents; the second and 
third task involved developing expressions of exponential contexts in order to solve 
problems related to those contexts. The exit ticket presented a task similar to the second 
and third task and is discussed at the beginning of Observation E2.  
Task E1: Properties of Exponents Overview 
 
Instruction involving exponential functions in Evelyn’s classroom began with a 
warm-up requiring students to evaluate expressions with exponents. The warm-up 
included six different expressions (Figure B1) and Evelyn asked students to write their 
answers in fraction form. She walked around the class interacting with groups and 
individual students and then facilitated a discussion of the problems while at the board. 
Whole-class instruction began with Evelyn soliciting answers from her students, and 
most of them give her decimals followed by the fractional form, after prompting. Once all 
the fractional answers were on the board, Evelyn asked students whether they could find 
the fractional answers without the use of their calculator. Students expressed they felt 
comfortable with problems 1 and 4, but not the others. Evelyn discussed and documented 





Figure B1. Task E1: Properties of exponents. 
 
 
Task E1: Properties of Exponents Description of Instruction 
 
Evelyn gave her students the problems above for a warm-up and asked for their 
answers in fraction form. She walked around the class while students worked and then 
brought the class together to discuss the solutions. Evelyn solicited the answer to each 
problem from different students. Most often, students provided her decimal solutions and 
Evelyn had to push for the decimals in fraction form. She allowed students to use their 
calculator for this part. Once all the fractional answers were on the board, Evelyn asked 
students how comfortable they were with finding the fractional answers without the use 
of their calculator. Students expressed confidence for problems 1 and 4, but not the 
others. Evelyn briefly described a way for finding the fraction forms for problems 1 and 
4, or “the easy ones” - three squared is 9 and any number to the zero power is 1.   
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Evelyn then began exploring problem 2, (i.e. 4−1 =
1
4
), by asking a student what a 
negative exponent means, or “what do you do when you have a negative exponent.” 
Evelyn summarized and revoiced a student response with “a negative exponent is going 
to take that number [in the base] and put it into the denominator of a fraction… to make it 









Following her explanation, Evelyn asked students to write 5−1 as a fraction and 
talked through the process – “put [5−1] in the denominator and we can change that 












Moving to problem 3, a student described the solution and Evelyn revoiced and 























), Evelyn again solicited student 
assistance and appealed to what a negative exponent means operationally. For problem 5, 
Evelyn followed student direction and put 
2
3




. Evelyn led a discussion for 
what to do when dividing by a fraction. A student suggested “copy, dot, flip”, and Evelyn 
followed that thinking requiring the student to explain that “it means copy the first 
fraction, put a dot for multiplication, and then you flip the fraction.” Evelyn 
acknowledged that this method works but labeled the method as multiplying by the 
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For problem 6, Evelyn follows the same method as mentioned in problem 5, take 



















. Since we are dividing by a fraction, that is the same as multiplying 















. Evelyn concluded the warm-
up with stating that students seemed to be a little “fuzzy on that” and they will “do a little 















Task E2: One Grain of Rice Overview 
 
Following the warm-up, Evelyn handed out the One Grain of Rice task (Figure 
B7). In the task a girl, Rani, salvaged several grains of rice to give to her Raja. In return, 
she asked for a single grain of rice and double the amount of rice for the next 30 days. 
The task asked students to figure out how many grains of rice Rani will receive on day 
30. Students in Evelyn’s class read the story aloud, alternating between student readers 
and stopping before they read the answer. Students worked independently or in groups 
before coming back as a class and reading the second page of the story including the 
answer. Evelyn commented on the number of students who used repeated multiplication 
to find the number of grains of rice received on day 30 and uses the cumbersome process 
as a way to motivate formulating an equation discussed during whole class instruction. 
Evelyn then led the creation of a table of values in service of developing both an 











One Grain of Rice - A Mathematical Folk Tale by Demi 
Long ago, there lived a raja who believed he was wise and fair, as a raja should be. The people in his province were rice 
farmers. The raja decreed that everyone must give nearly all of their rice to him. "I will store the rice safely," the raja promised 
the people, "so that in time of famine, everyone will have rice to eat, and no one will go hungry." Each year, the raja's rice 
collectors gathered nearly all of the people's rice and carried it away to the royal storehouses.  
For many years, the rice grew well. The people gave nearly all of their rice to the raja, and the storehouses were always 
full. But the people were left with only enough rice to get by. Then one year the rice grew badly and there was famine and 
hunger. The people had no rice to give to the raja, and they had no rice to eat. The raja's ministers implored him, "Your 
highness, let us open the royal storehouses and give the rice to the people, as you promised." "No!" cried the raja. How do I 
know how long the famine will last? I must have the rice for myself. Promise or no promise, a raja must not go hungry!"  
Time went on, and the people grew more and more hungry. But the raja would not give out the rice. One day, the raja 
ordered a feast for himself and his court--as, it seemed to him, a raja should now and then, even when there is famine. A 
servant led an elephant from a royal storehouse to the palace, carrying two full baskets of rice. A village girl named Rani saw 
that a trickle of rice was falling from one of the baskets. Quickly she jumped up and walked along beside the elephant, 
catching the falling rice in her skirt. She was clever, and she began to make a plan.  
At the palace, a guard cried, "Halt, thief! Where are you going with that rice?"  
"I am not a thief," Rani replied. "This rice fell from one of the baskets, and I am returning it now to the raja."  
When the raja heard about Rani's good deed, he asked his ministers to bring her before him. 
"I wish to reward you for returning what belongs to me," the raja said to Rani. "Ask me for anything, and you shall have 
it."  
"Your highness," said Rani, "I do not deserve any reward at all. But if you wish, you may give me one grain of rice."  
"Only one grain of rice?" exclaimed the raja. "Surely you will allow me to reward you more plentifully, as a raja should."  
"Very well," said Rani. "If it pleased Your Highness, you may reward me in this way. Today, you will give me a single 
grain of rice. Then, each day for thirty days you will give me double the rice you gave me the day before. Thus, tomorrow you 
will give me two grains of rice, the next day four grains of rice, and so on for thirty days."  
"This seems to be a modest reward," said the raja. "But you shall have it."  
And Rani was presented with a single grain of rice.  
 
The next day, Rani was presented with two grains of rice. And the following day, Rani was presented with four grains of 
rice. On the ninth day, Rani was presented with two hundred fifty-six grains of rice. She had received in all five hundred and 
eleven grains of rice, enough for only a small handful. "This girl is honest, but not very clever," thought the raja. "She would 
have gained more rice by keeping what fell into her skirt!"  
On the twelfth day, Rani received two thousand and forty-eight grains of rice, about four handfuls. On the thirteenth day, 
she received four thousand and ninety-six grains of rice, enough to fill a bowl. On the sixteenth day, Rani was presented with a 
bag containing thirty-two thousand, seven hundred and sixty-eight grains of rice. All together she had enough rice for two bags. 
"This doubling up adds up to more rice than I expected" thought the raja. "But surely her reward won't amount to much more."  
On the twentieth day, Rani was presented with sixteen more bags filled with rice. On the twenty-first day, she received 
one million, forty-eight thousand, five hundred and seventy-six grains of rice, enough to fill a basket. On the twenty-fourth day, 
Rani was presented with eight million, three hundred and eighty-eight thousand, six hundred and eight grains of rice--enough to 
fill eight baskets, which were carried to her by eight royal deer. On the twenty-seventh day, thirty-two brahma bulls were 
needed to deliver sixty-four baskets of rice. The raja was deeply troubled. "One grain of rice has grown very great indeed," he 
thought. "But I shall fulfill the reward to the end, as a raja should." On the twenty-ninth day, Rani was presented with the 
contents of two royal storehouses.  
On the thirtieth and final day, two hundred and fifty-six elephants crossed the province, carrying the contents of the last 
four royal storehouses--Five hundred and thirty-six million, eight hundred and seventy thousand, nine hundred and twelve 
grains of rice. Altogether, Rani had received more than one billion grains of rice. The raja had no more rice to give. "And what 
will you do with this rice," said the raja with a sigh, "now that I have none?"  
"I shall give it to all the hungry people," said Rani, "and I shall leave a basket of rice for you, too, if you promise from 
now on to take only as much rice as you need."  
"I promise," said the raja. And for the rest of his days, the raja was truly wise and fair, as a raja should be. 
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Task E2: One Grain of Rice Description of Instruction 
 
After students read the beginning of the story aloud, Evelyn summarized the 
mathematical components of the task: Rani received one grain of rice the first day and 
then the rice doubled every day after that. Students worked alone for a few minutes, 
returning as a class to read the conclusion of the story and the number of grains of rice 
Rani received on day 30. Once students have read the end of the story, Evelyn polled her 
students to see how many got the same answer of 536,870,912. Most students did, with 
one student getting an answer of 1,173,741,823. Evelyn briefly explained the difference 
in the numbers stating, “it’s how you interpret the problem.” She then moved to 
motivating the need for finding an easier way to solve for those numbers than just 
repeatedly multiplying by two. She asked students to follow her creation of a table which 
they will turn in. 
Evelyn drew a table on the board with a column for “Day” and a column for “# of 
grains of rice” (see Figure B8), and elicited the number of grains Rani started with and 
recorded “1” in the respective column. She asked her students what day should be 
associated with that value, 0 or 1? Most students said day 1. Evelyn voiced that she 
originally called that day 0, which may be why there were two different answers at the 
end (i.e. 536,870,912 vs. 1,173,741,823). Evelyn recorded a day value of 1 in the table 
(Figure B8). 




Figure B8. Initial table for Task E2: Raja Rice. 
Day one →  
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Evelyn then solicited a student’s method for finding the number of grains of rice 
on the second day as well as the number of grains of rice he calculated. Evelyn recorded 
the students method of multiplying by 2 in the table as well as the number of grains of 
rice (see Figure B9).  Next, Evelyn called on a student for his process and number of 
grains for day 3. The student reported he multiplied the 2 by 2 to get an answer of 4. 
Instead of recording the students exact method, Evelyn called for her students’ attention, 
asking whether taking 1 ⋅ 2 from the previous line and multiply it by 2 “feel[s] okay?” 
Students seemed to understand and Evelyn recorded the expression in the table for day 3, 
writing 4 to the right (see Figure B9). Evelyn repeated the same process for day 4 – 
asking a student and then substituting her method of writing 1 ⋅ 2 ⋅ 2 ⋅ 2 = 8 in after the 
student simply said, “times it by 2.” 
 
Day # of grains of rice 
1 1 
2 1 ⋅ 2 = 2 
3 1 ⋅ 2 ⋅ 2 = 4 




Figure B9. Equating multiplication process with result. 
 
After the first four days are recorded in the table, Evelyn asked students how they 
could write repeated multiplication. They responded, “write it as an exponent”, and 
Evelyn wrote the values in the table for days 2-4 as two to some power (see Figure B10).  
  
Day one →  
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Day # of grains of rice 
1 1 
2 1 ⋅ 2 = 21 
3 1 ⋅ 2 ⋅ 2 = 4
= 22 
4 1 ⋅ 2 ⋅ 2 ⋅ 2
= 8 = 23 
 
Figure B10. Writing repeated multiplication as an exponent. 
  
A student then volunteered their way of finding the number of grains of rice on 
the 30th day – take 2 to the 30th power and subtract 1. Evelyn had the student clarify his 
process by describing what to do for day 5. When the student described the expression 
25 − 1, Evelyn had the student find the value and compare to what the answer should be. 
Through discussion, the class decided the expression should have been 24 because “you 
started at 2 to the 1, and then 2, 3, you just count up.” Evelyn documented 24 = 16 in the 
table of values for day 5.  
Evelyn then asked students what they should write in the table for the 15th day. A 
student suggested 214 and Evelyn probed their thinking. The student voiced “all the 
exponents are one less than the day number”, which Evelyn had him repeat three times 
before revoicing it herself. She then wrote 30 in the day column and asked students what 




Day one →  
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Day # of grains of rice 
1 1 
2 1 ⋅ 2 = 21 
3 1 ⋅ 2 ⋅ 2 = 4
= 22 
4 1 ⋅ 2 ⋅ 2 ⋅ 2
= 8 = 23 




Figure B11. Completed table for Task E2. 
 
Evelyn then put “d” into the day column and asked students to write down the 
number of grains of rice there would be on day d. From student suggestions, Evelyn 
wrote 2𝑑−1. Evelyn had students check to see whether the expression works by checking 
to see if day 5 returned 16, which it does. 
Before moving to the next task, Evelyn facilitated a discussion about exponential 
growth. Many students thought their answer for day 30 was too high during their original 
calculations. She then asked students what kind of growth this problem was. Students 
responded exponential, and Evelyn agreed. Evelyn stated that exponential growth means 
that “something is growing really, really fast.” 
Task E3: Social Media Overview 
 
After completing Task E2: One Grain of Rice, Evelyn displayed the Social Media 
Task context (see Figure B12). Evelyn asked students to identify the important 
components of the context, which they briefly discussed after a minute of individual work 
time. Before identifying the mathematical components, students shared who they 
believed would care about this context. Students identified social websites, phone sellers, 
and others. Then, students identified the important mathematical components of the 
Day one →  
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problem such as tripling every year since 2001 and the number of users in year 2005. 
Evelyn asked students to complete parts 2 and 3 of the task in groups or individually, 
documenting what calculations they make. Evelyn then facilitated a whole class 
discussion of parts 2 and 3 and then moving to writing an expression. 
 
 
Figure B12. Task E3: Social Media. 
 
Task E3: Social Media Description of Instruction 
 
Upon bringing attention back to whole class instruction, Evelyn began organizing 
the information in a table (see Figure B13). She solicited the number of users in 2005, 
documenting two ways of writing it: 3.2 million and 3,200,00. For year 2006, Evelyn 
asked a student to report their answer as well as how they obtained their answer. She 
recorded both on the board. Evelyn asked the same questions for year 2007. The student 
responded with the number of users in year 2007 and with “I started out with 3.2, 
multiplied that by 3, and multiplied that by 3 again.” Evelyn wrote this on the board (see 
Figure B13) and then asked students how to write 3.2 × 3 × 3 differently. Students 
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responded with 3.2 × 32 and Evelyn equated the two expressions. Another student gave 







At this point, Evelyn shifted attention to “moving backwards” in the table by 
finding the number of users for year 2004. She solicited the process and number of users 
from a student who suggested dividing by 3 and a value of 1.06 million. After a brief side 
conversation with a student, someone suggested that 
3.2
3
 could be rewritten as 3.2 × 3−1. 
Evelyn confirmed this suggestion and reiterated the meaning of the negative exponent of 
1 mentioned during the warm-up. Evelyn asked students to find the similar expression for 
year 2003 and recorded the expression of 3.2 × 3−2 (Figure B14). She asked students to 
use their calculators to decide whether 3.2 × 3−2 is the same as dividing by three again, 
which students confirmed. Finally, Evelyn asked students to fill in the multiplicative 
expression for year 2005, which students reported and Evelyn recorded as 3.2 × 30 (see 
Figure B14). 
Evelyn shifted conversation to writing an equation, but quickly realized that 
students did not yet see a pattern so she shifted to asking them to find a multiplicative 
expression for year 2052, and they get 3.2 × 347. Evelyn asked a student to describe their 
2005 3.2 million 3,200,000  
2006 9.6 million 9,600,000 3.2 × 3 
2007 28.8 million 28,800,000 3.2 × 3 × 3
= 3.2 × 32 
2008 86.4 million 86,400,000 3.2 × 33 
Figure B13. Initial table for Task E3: Social Media. 
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method, and the student described taking 52 and subtracting 5 to get 47, which is the 









After students have found an expression for year 2052, Evelyn re-asked about an 
expression, by asking for the number of users in year 𝑥. Students generated the equation 
3.2 × 3𝑥−2005, which Evelyn accepted and recorded on the board. Evelyn had her 
students check this expression with the year 2007. 
Task E4: Fruit Flies Launch Overview and Description of Instruction 
 
Task E4: Fruit Flies Launch was an exit ticket Evelyn gave to her students at the 
conclusion of the first observation. Students had approximately five minutes to find the 
number of fruit flies after 2, 3, and 4 days as well as an equation representing the number 
of fruit flies in the house. The class examined student work on this task during Day 2 (see 
Figure B15). 
2003   3.2 × 3−2 
2004 1.06 million 1,060,000 
3.2
2
= 3.2 × 3−1 
2005 3.2 million 3,200,000 3.2 × 30 
2006 9.6 million 9,600,000 3.2 × 3 
2007 28.8 million 28,800,000 3.2 × 3 × 3
= 3.2 × 32 
2008 86.4 million 86,400,000 3.2 × 33 
2052   3.2 × 347 





Figure B15. Task E4: Fruit Flies. 
 
Day 2 of Evelyn’s Instruction 
Evelyn’s second observation was approximately an hour and twenty minutes long. 
During this time, the class completed six tasks including a recap of learning from day 1 
(Task E5), comparing student solutions to the exit ticket (Task E6), revisiting the context 
of Task E6 to answer more questions (Task E7), comparing the equations and contexts 
from Task E2, Task E3, and Task E4 (Task E8), another exponential context problem 
involving percent growth (Task E9), and beginning homework (Task E10).  
Task E5: Recap of Day 1 
 
At the beginning of class, Evelyn asked her students to turn and talk to each other 
about “one thing that we did last class.” She then selected students to share out. Students 
shared they dealt with exponential functions looking at growth and trends, negative 
exponents are for moving backwards in time, and counting up rice and fruit flies by 





Task E6: Fruit Flies Comparison Overview 
 
Evelyn collected and organized the student work from Task E4: Fruit Flies 
Launch and displayed three different groupings of three pieces of student work for the 
class to see (see Figures A16, A17, and A18). She asked students to talk to each other 
“about things that are similar up there. Things that might be different. Things that you 
like about it, and things that you might change.” The class discussed each set of three 
separately, with students volunteering their observations.  
 
 








Figure B18. Third round of student solutions for Task E6: Fruit Flies Comparison. 
 
Description of Instruction for Task E6: First Comparison 
 
Approximately 30 seconds after groups began to discuss the first three student 
responses (see Figure B16), Evelyn called on a student to share her noticings. She 
articulated her like of the labeling of the variables – 𝑥 or 𝑑 is the number of days and 𝑦 is 
the number of fruit flies. Two student acknowledged the bottom right response because of 
the inclusion of the context and ease with which they understood the answer, while 
another student mentioned his confusion about the top left response having day values 
out of order. 
Evelyn then shifted conversation to whether the equation is correct. She asked 
students how they could figure out whether the equation was correct, and they responded 
by saying “plug something into it.” Evelyn concurred, and as a class they chose a day 
value to plug in and check the corresponding fruit fly value. 
Description of Instruction for Task E6: Second Comparison 
 
After the discussion of the first set of responses, Evelyn put another group of 
three on the board (see Figure B17) and had students first discuss in groups and then 
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share out to the class. Students shared observations about differences from the previous 
set of three - the variables were not labeled and all the equations are the same and 
identical to the equations from the first set and are therefore correct. Students also 
described aspects they liked about the responses – the middle response was on graph 
paper and surrounded by orange highlighter. 
Description of Instruction for Task E6: Third Comparison 
 
Evelyn presented the class with three more student solutions (see Figure B18), 
and the class followed a similar pattern to the previous two sets of three. The first thing a 
student noticed was the exponents now had something subtracted from 𝑥 or 𝑑. Evelyn 
facilitated a conversation about whether the equations in this group of three were wrong. 
She focused attention on figuring out whether the exponent should have a subtraction 
expression or not and guided students towards checking the equations by substituting 
values in for the independent variable. After plugging in a value, the class decided the 
equations were wrong. Evelyn offered an explanation of why students presented these 
equations – they were recalling the equations from Observation 1 that had subtraction 
expressions in the exponent. 
Task E7: Fruit Flies Continued Overview 
 
At the end of the comparison of student work on the first two problems of the 
Fruit Fly task, Evelyn had her students complete problems 3 and 4 (see Figure B19). She 
first gave students individual think time to read through the task and get started. Then the 
students worked individually or in groups. Whole class instruction was limited to Evelyn 




Figure B19. Task E7: Fruit Flies Continued. 
 
Task E7: Fruit Flies Continued Description of Instruction 
 
After about five minutes of working in groups, Evelyn directed student attention 
to using a calculator to solve problem 4. Evelyn presented a graph of 𝑦 = 5 × 4𝑥. She 
called on students to help contextualize the graph and figure out an appropriate window 
on the calculator. As part of the discourse, the class decided since the 𝑥 values are 
number of days, an appropriate window would start at 0 since “you can’t look at negative 
days” in this case, unlike the Social Media task; the max value for 𝑥 should be 15 since 
Evelyn returned home from vacation on day 14. The 𝑦-values are number of fruit flies, so 
we could start with 0 since there are never negative fruit flies and go to a max of just over 
a million. Evelyn graphed the equation with those restrictions. 
Pointing at the graph, Evelyn asked students to attend to how the function grows – 
at first it grows slowly, like a line and then it starts to go really fast. She then shifted to a 
student’s strategy of graphing a horizontal like 𝑦 = 1000000 and finding the intersection 
point using the calculator to solve problem 4. Evelyn walked students through the 




Task E8: Context and Equation Comparison Overview 
 
Evelyn revealed the written descriptions of the One Grain of Rice, Social Media, 
and Fruit Flies tasks (top of Figure B20) and asked students to compare and contrast the 
three different contexts. Students highlighted the similarities of always multiplying by 
something (e.g. 2, 3, or 4), they all deal with time (e.g. days or years), they all will have 
exponents in an equation, and they all had a starting value. Evelyn then revealed the 
equations (bottom of Figure B20) and asked students to describe to each other how to 
obtain the equations from the contexts. She called on students to share their observations 
for each equation. Evelyn then presented the general equation 𝑦 = 𝑎𝑏𝑥 and defined the 
parameters and variables: 𝑦 is the amount of stuff, 𝑎 is the starting value, 𝑏 is what we 
multiply by each time, and 𝑥 is a time period.  
 
 
Figure B20. Task E7: Context and equation comparison. 
 
Task E8: Context and Equation Comparison Description of Instruction 
 
Evelyn put a summary of three task contexts on the board (see top Figure B20), 
not including the equations. She asked students to examine the contexts, looking for 
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similarities. Evelyn then called on students to share their observations. Students 
mentioned the multiplying by a value each day or year (e.g. 2, 3, or 4), they all deal with 
time (e.g. days or years), they all will have exponents in an equation, and they all had a 
starting value. Evelyn then revealed the equations for the scenarios and asked students to 
describe how to obtain each of the equations from the contexts. 
Bringing the class back together, Evelyn selected students to describe their 
strategy for generating the equations from the contexts. The first student explained her 
method in terms of the Social Media task – take the starting value, which is 3.2, multiply 
by 3 since it’s tripling each year, and the exponent would be the year subtracted by 2005. 




Figure B21. Labeling the components in Social Media equation. 
 
Evelyn then asked another student to confirm whether the Fruit Flies equation can 
be explained in the same way. The student confirmed and Evelyn labeled the components 
accordingly (see Figure B21). Evelyn then shifted attention to the One Grain of Rice 
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equation, wondering aloud why the equation does not have a starting value – students 
responded “cause it’s one.”  
Evelyn then wrote the equation 𝑦 = 𝑎𝑏𝑥 on the board and defined each of the 
components by soliciting student responses. The variables and parameters got defined as: 
𝑎 is the starting value, 𝑏 is what you’re multiplying by each time period (or base), 𝑥 is the 
time period, and 𝑦 is the total amount of stuff (see Figure B22).  
 
 
Figure B22. Labeling of the components of exponential equation. 
 
Task E9: College Tuition Overview 
 
After the presentation of the equation 𝑦 = 𝑎𝑏𝑥 and the associated definitions, 
Evelyn presented students with the College Tuition context containing an initial value 
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and percent growth (see Figure B23). She had students identify important pieces of 
information from the context and then moved to asking whether the context has all the 
pieces to fit the exponential function 𝑦 = 𝑎𝑏𝑥. Students correctly identified the starting 
value and time period but struggled to find the value being multiplied by each time. As a 
result, Evelyn moved to creating a table of values to find a multiplicative pattern. In the 
end, the class generated the equation 𝑦 = 5000(1.06)𝑥−2007. However, students 
expressed confusion about where the 1.06 came from – Evelyn told students she would 
revisit the problem during the next class period. 
 
 
Figure B23. Task E9: College Tuition. 
 
Task E9: College Tuition Description of Instruction 
 
Evelyn asked students to identify important pieces of information in the context. 
Students reported two pieces of information: (a) tuition is increasing by 6% each year 
since 2007 and (b) tuition was $5000 in 2007. Evelyn then asked students to decide 
whether the context fits the equation 𝑦 = 𝑎𝑏𝑥 they just defined. Students responded yes, 
and correctly identified the starting value (i.e. $5000) and the time period (years since 
2007), but struggled to find the base value suggesting . 06. Evelyn constructed the 
equation 𝑦 = 5000(. 06)𝑥 and asked students to plug in a value of 2 for 𝑥 to see whether 
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the equation is correct. When students reported a value of 18 and concluded the equation 
is not correct, Evelyn shifted to creating a table of values. 
With guidance from Evelyn, the class generated the cost of tuition in 2008 by 
taking the initial $5000 and adding 5000(.06) to get $5300. Evelyn documented the 
process and value in the table and encouraged students to write the work down (see 
Figure B24).  
 
 
Figure B24. Start of table for Task E9: College Tuition. 
 
Evelyn then facilitated a conversation to figure out the tuition cost for year 2009. 
Students made several incorrect suggestions followed by the correct strategy of 
multiplying 5300 by 6% and adding to $5300. Evelyn documented that strategy on the 




Figure B25. Finding tuition cost for year 2009. 
 
At this point, Evelyn vocalized that she didn’t “really see a pattern” and moved 
back to the value in 2008 to factor. She discussed that 5000 and 5000(.06) had a 5000 in 
common and suggested factoring. When students seemed confused, she compared the 
factoring to previous problems of 𝑥2 + 𝑥 which allowed for factoring to 𝑥(𝑥 + 1) and 
5𝑥2 + 5𝑥 which also allowed for factoring to 5(𝑥2 + 𝑥). 
After mentioning the other expressions to factor, Evelyn shifted attention back to 
the factoring of the tuition cost in year 2008 and factored to get 5000(1 + .06), 
continually checking in with students. She then changed 5000(1 + .06) to 5000(1.06) 
and asked students to calculate the latter expression in their calculator to confirm the 
equivalence to the original answer of 5300. 
Moving to year 2009, Evelyn started conversation by asking “Instead of taking 
[5300 + 5300(.06)], what could I do to make it grow by 6%?.” Students expressed 
incorrect answers, so Evelyn began leading discussion to rewrite the multiplicative 
expression 5000(1.06)2. First, Evelyn pointed out the equivalence between 5000(1.06) 
and 5300 and proceeded to replace each 5300 with the expression 5000(1.06) to get 
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5000(1.06) + 5000(1.06)(.06). She then factored the latter expression to get 
5000(1.06)(1 + .06) and finally 5000(1.06)2 (see Figure B26). At that point, Evelyn 
asked students for the equation and she transcribed 5000(1.06)𝑥−2007. The class then 
found the cost of tuition in year 2020 by plugging in 13 for 𝑥. 
 
 
Figure B26. Finished table and solution for Task E9: College Tuition. 
 
 
Task E10: Homework Start  
 
With approximately 10 minutes left in class, Evelyn passed out homework, 
instructing students to graph all the equations on the front page (see Figure B27) and to 
try writing equations for at least one table and one graph on the back page (see bottom of 
Figure B28). Students work individually or in groups for the remaining time of class 




Figure B27. Front side of homework. 
 
 
Figure B28. Back side of homework. 
 
Day 3 of Evelyn’s Instruction 
Observation 3 was approximately an hour and twenty minutes, containing four 
tasks. Evelyn facilitated discussion of the first three tasks and then had students work in 
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groups to complete the fourth and final task. No whole class instruction occurred for the 
fourth task. The first task required students to refer to the front page of their homework 
from the end of Observation 2 to find the characteristics of exponential functions, while 
the second task dealt with the back page of their homework and writing equations from 
tables and graphs. The third task involved revisiting the College Tuition context to re-
explain how to obtain the growth factor of 1.06. 
Task E11: Characteristics of Exponential Functions Overview 
 
Class began with Evelyn organizing students into groups from the previous day 
and asking students to compare the front side of the homework from the previous day 
(Day 2) and write down similarities across graphs and tables. After a few minutes Evelyn 
asked students to consider the following properties: common points, domain, range, end 
behavior, intercepts, increasing or decreasing, and one to one (see Figure B29). Evelyn 
expected students to use the four graphs to generate the properties listed in relation to 
exponential functions. Students worked in groups and then Evelyn led a whole class 





Figure B29. Presented slide for Task E11: Characteristics of exponential functions. 
 
Task E11: Characteristics of Exponential Functions Description of Instruction 
 
After students worked in groups for approximately five minutes, Evelyn drew 
attention to the properties listed on the board, starting with “Common Points.” She 
selected students to identify what they noticed about the common points. The students 
identified the point (0,1) within the tables for the first three equations (i.e. 𝑦 = 2𝑥, 𝑦 =
3𝑥, and 𝑦 = 4𝑥). Evelyn asked students, “how does that translate to the graph?” and 
students responded “they have the same 𝑦-intercept.” Evelyn agreed and then asked 
students about the fourth one, 𝑦 = 3 ⋅ 2𝑥; students identified the 𝑦-intercept as (0,3). 





Figure B30. Summary of initial discussion of common points. 
 
A student attempted to explain why the two intercepts were different, hinting at 
the coefficient of the equations being different. Evelyn then brought up the equation for 
the One Grain of Rice task and declared it “looked a little bit like this problem [𝑦 = 2𝑥]”, 
where the starting value of 1 was “sitting in front of there.” Evelyn then equated the 
starting value, 𝑎, of 𝑦 = 𝑎𝑏𝑥 with the 𝑦-intercept. She then highlighted the fact that the 
point (0,3) is connected to the 3 out front for 𝑦 = 3 ⋅ 2𝑥. Evelyn then briefly mentioned 
putting a zero in for 𝑥 would also represent a starting point.  
Evelyn then shifted attention to the domain, calling on a student who declared the 
domain was all real numbers. Evelyn documented the response and then pushed the 
student to explain why, which the student responded, “cause you can put anything in for 
𝑥.” Discussion then shifted to the range. Evelyn called on a student who explained the 
graphs never go below zero. Evelyn pushed the same student to write the phrase in 
mathematical form; the student responded with 𝑦 > 0. Evelyn agreed and explained the 
𝑦-value gets really close but never touches zero. She asked students why. Students 
responded by saying there is a horizontal asymptote. The class decided they all have the 
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same asymptote, and Evelyn asked whether the asymptote was 𝑦 equals or 𝑥 equals. 
Students responded by naming the horizontal asymptote 𝑦 = 0 and Evelyn recorded on 
the board (see Figure B31).  
 
 
Figure B31. Documentation of domain, range, and asymptote. 
 
Evelyn shifted the conversation to discussing intercepts. A student connected the 
common points to the 𝑦-intercepts noted under the common points property and another 
student volunteered there are no 𝑥-intercepts because the graphs never cross the 𝑥-axis. 
While documenting the conversation (see Figure B32), Evelyn summarized the 
connection of the first three graphs had an intercept of (0,1) while the fourth had an 




Figure B32. Documenting the intercepts. 
 
Evelyn shifted attention to end behavior by asking a student to describe what is 
happening going to the right and then going to the left. Evelyn summarized and recorded 
his responses on the board (see Figure B33).  
 
 
Figure B33. Writing for end behavior. 
 
To conclude the guided discussion, Evelyn asked a student about the increasing or 
decreasing component. The student said “increasing” and Evelyn summarized by saying 
“when we say going up, we are saying we’re going up from left to the right” and 
documented ‘going up’ on the board. 
After the class discussed each characteristic, a student brings attention back to the 
common points property. She summarized what was on the board and presented an 
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overarching idea: the 𝑎 value of the equation is the 𝑦-value of the common point. Evelyn 
summed up the idea by writing (0, 𝑎) next to the common point property. Evelyn called 
on another student to describe what is common about the 𝑦-value when 𝑥 is 1 across the 
functions. Looking at just the first three graphs, a student suggested the value of 𝑏. 
Evelyn drew attention to the function 𝑦 = 3 ⋅ 2𝑥 as a counter example and another 




Figure B34. Completed board for Task E11: Characteristics of exponential functions. 
 
To conclude instruction, Evelyn asked students to consider whether there is a 
vertical asymptote. Students responded no, and Evelyn documented “No V.A.” on the 





Task E12: Writing Equations from Tables and Graphs Overview 
 
Evelyn had students turn their homework from Observation 2 to the back page 
where students were supposed to have written an equation for at least one table and at 
least one graph. Evelyn instructed students to compare their answers and to be prepared 
to discuss how they obtained their equations. As a class, they discuss equations for two 
tables and two graphs (see Figure B35 and Figure B36). 
 
 
Figure B35. Two tables of values discussed in Task E12. 
 
 




Task E12: Writing Equations from Tables and Graphs Description of Instruction 
 
After the students worked to compare their answers and outline their strategies, 
Evelyn pulled the class together and asked individual students to describe their strategy 
for obtaining the equation as well as the equation. Evelyn started this process with 
problem 7 (see Figure B35). A student described his process for obtaining the equation 
𝑦 = 6 ⋅ 2𝑥. He first looked at the 𝑦-value where 𝑥 is zero to obtain the first number of 6 
and then he noticed that multiplying 6 by 2 gave the next 𝑦-value of 12 in the table, 
which means that the 𝑏 value in the equation should be 2. This gave him an equation of 
𝑦 = 6 ⋅ 2𝑥.  
For problem 5 (see Figure B35) another student explained his process – look at 
the two 𝑦-values when 𝑥 is zero and when 𝑥 is one and note that you multiply the first 𝑦-
value by 5 to get to the next 𝑦-value, which gives an equation of 𝑦 = 5𝑥. There is no 𝑎 
value written since it is 1.  
Moving to the graphs, Evelyn again solicited student strategies and solutions. For 
the bottom left graph in Figure B36, a student described her process of examining the 
point (1, 𝑎𝑏) in the graph, which was (1,3) to get a 𝑏-value of 3, an 𝑎 value of 1, and an 
equation of 𝑦 = 3𝑥.  
For the bottom right graph, another student provided her solution of 𝑦 = 3 ⋅ 2𝑥 
and with prompting from Evelyn described her process of including the 3 because of the 
point (0,3). Evelyn then made a connection between the method students used for finding 
the 𝑎 value from a table of values - looking at the 𝑦-value when 𝑥 was zero. The student 
then continued explaining her strategy of examining the next point of (1,16) and noting 
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that 3 times 2 gave 6 which meant the 𝑏-value was 2 to give the equation 𝑦 = 3 ⋅ 2𝑥. 
Evelyn collected the students’ homework. 
Task E13: College Tuition Revisited Overview 
 
As promised during Day 2 of instruction, Evelyn revisited the College Tuition 
task. She focused on developing her students’ understanding of the growth factor. She 
constructed another table of values and worked to get her students to see how the 
factoring reveals the multiplicative expression. She repeated many of the same points as 
the original instruction of the task (i.e., Task E9). 
Task E13: College Tuition Revisited Description of Instruction 
 
Evelyn began by emphasizing why she was revisiting this task – because some 
students struggled to see where the 1.06 came from. Evelyn removed the specific year 
characteristic and began a discussion about how $5000 grows by 6% per year. The class 
decided growing by 6% per year means multiplying by .06 is the amount tuition is 
increasing by. In other words, you multiply $5000 by . 06 and then add the result to 
$5000 to find the tuition cost the next year, which gives $5300. Increasing $5300 by 6% 
means taking $5300 times . 06, which is the amount you’re increasing by, and then 
adding the result to 5300; you would continue this same process every year. Evelyn 
concluded the introductory class discussion by saying, “anything that we can do again, 
and again, and again, and again, is something that we can write an equation for.” Evelyn 
then began creating a table of values to organize the information they discussed.  
Evelyn constructed a table of values organized with number of years as the 
independent variable and tuition costs as the dependent variable. She started with 1 year 
and the expression 5000(.06) + 5000 (see Figure B37), and stated “we want to take [the 
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expression] and we want to try to write it as one expression, or as one operation.” At that 
point, a student volunteered the expression 5000(1.06) and Evelyn probed the thinking 
behind the answer. The student clarified that the expression indicates a 6% increase 
“cause you’re multiplying it by itself, plus 6%.” Evelyn confirmed this reasoning and 
asked her students to calculate the value of 5000(1.06). When students got 5300, 
Evelyn asked students to confirm the equivalence between 5300 and the expression 
5000(. 06) + 5000. 
 
 
Figure B 37. Expression for one year of tuition. 
Evelyn equated the expression and the value on the board and then facilitated a 
conversation about factoring the 5000 out of the expression 5000(. 06) + 5000 to get 
5000(.06 + 1). She first pulled out the 5000, asked students what remained, and then 






After the class decided on the term 5000(1.06) for year 1, Evelyn asked students 
to describe what to do for the next year. She documented what the class previously 
discussed as taking the 5300, multiplying it by .06 and then adding the result to 5300. 
Evelyn then stated that instead of doing that process, they could just take 5300 and 
multiply by 1.06. Students confirmed with their calculators that 5300(1.06) is the same 










Figure B39. Writing 5300(1.06) for year 2. 
 
After Evelyn wrote the expression 5300(1.06) in the table, a student suggested 
5300(1.06) is the same as 5000(1.06)(1.06). Evelyn agreed, and illustrated the 
equivalence by drawing an arrow between the two expressions in year 1 and then wrote 
the tuition cost in year 2 as 5000(1.06)2 (see Figure B40). 
 
Figure B40. Equating 5300(1.06) to 5000(1.06)2. 
 
Evelyn then asked students what the expression for year 3, should be; they 
responded 5000(1.06)3. A student then declared the equation should just be 𝑦 =
5000(1.06)𝑥 where 𝑥 is years. Evelyn recorded the equation and asked students how 




they would find the tuition cost after 10 years. Students instructed her to put 10 in for the 
𝑥 and calculated the value to be $8954.  
Task E14: Sorting Task 
 
Evelyn assigned her students a sorting task to complete in groups (see Figure 
B41). The sorting task required students to match five different representations of seven 
different exponential functions. Each function had a table, a graph, a context, an equation, 
and an answer to the context. Students worked in groups to complete the task. Once 
students completed the sorting task, they worked on a quiz (see Figure B42). No class 







Figure B41. Problems in the sorting task. 
 
Quiz:  
Figure B42. Quiz on day 3. 





Day 4 of Evelyn’s Instruction 
Observation E4 was approximately an hour and half long and contained three 
tasks. The first task involved establishing the difference between exponential growth and 
decay and presenting restrictions on the 𝑏-value in the equation 𝑦 = 𝑎𝑏𝑥 to indicate 
either growth or decay. Evelyn then returned the quiz she gave at the end of Observation 
E3, and instructed students how to correct their responses for a quiz redo. The final task 
contained no whole class instruction with students working on their computers to 
examine transformations of exponential functions. 
Task E15: Exponential Growth and Decay Overview 
 
Whole class instruction began with Evelyn presenting a problem from the sorting 
task from Observation E3 to discuss exponential decay (see top of Figure B43). A student 
read the context and Evelyn had students identify differences between exponential 
growth and exponential decay equations. After students volunteered observations, Evelyn 
wrote the equation 𝑦 = 𝑎𝑏𝑥 on the board, redefined each component, and put restrictions 




Task E15: Exponential Growth and Decay Description of Instruction 
 
After a student read the context presented on the board (see Figure B43), Evelyn 
asked students to identify why the context is exponential decay rather than growth. 
Students discussed briefly in groups and then reported out the context is exponential 
decay because the numbers are going down, or “when the 𝑥s get bigger, the 𝑦s get 
smaller.” Evelyn then focused attention on the equation, and a student commented that 
the 𝑏-value was a fraction less than 1.  
Evelyn shifted to formalizing the thoughts her students expressed. She brought up 
the equation 𝑦 = 𝑎𝑏𝑥 and began labeling each component by soliciting the definitions 
from her students. She labeled 𝑎 as the starting value, 𝑥 as time period, 𝑏 as what we are 
multiplying by, and 𝑦 as total value or amount of stuff. Evelyn then asked how to write 
the restriction on 𝑏 for exponential decay. A student volunteered “a number less than 
 
Figure B43. Task E15: Exponential growth and decay. 
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one”, but Evelyn asked him to be more specific since “less than one includes a whole lot 
of numbers.” The student clarified 𝑏 should also be bigger than zero, and Evelyn wrote 
‘Decay 0 < 𝑏 < 1’ on the board. Another student volunteered the restrictions on the 𝑏 
value for growth, and Evelyn wrote ‘Growth 𝑏 > 1’ on the board (Figure B43). 
To conclude this section, Evelyn asked “what happens if 𝑏 is equal to 1?” During 
discussion, the class decided when 𝑏 is 1, the function is not exponential growth or decay 
since one to an exponent is always one and the function is not growing or decaying but 
rather staying the same. 
Task E16: Quiz Corrections Overview 
 
Evelyn asked students to get out their quiz from last class and discussed 
improvements students should make. Students then complete another quiz as a group to 
turn in. Evelyn used problem 2 (see Figure B44) to illustrate the items students needed to 
fix and then assigned the problems in Figure B45 for the group quiz. 
 
 
Figure B44. Original quiz. 
 
 




Task E16: Quiz Corrections Description of Instruction 
 
Evelyn had students read through her comments on the initial quiz and 
highlighted students needed to state what the variables represent and to include 
explanations of how they got their answers. Specifically, how they obtained the 74 in the 
equation 50000 = 3810(1.035)74 for how many years it will take for the population of 
Jacksonville to reach 50,000. Evelyn clarified that students could simply write ‘Guess 
and Check’ or describe what they did to find the 𝑥 value. Next, Evelyn attempted to make 
clear her expectations for graphing the equation 𝑦 = 3810(1.035)𝑥. She explained 








Next, Evelyn solicited ways of estimating the population in 2020. Students stated 
they used the table of values in the calculator and looked at the 𝑦-value when 𝑥 was 13. 
Other students described using the Value function in their calculator graph. Evelyn 
instructed students to also include that point on their graph (see Figure B47).  
 
 
Figure B47. Labeling the point of interest. 
 
Finally, Evelyn discussed the last question in the problem—how many years will 
it take for the population to reach 50000. She emphasized that students did a wonderful 
job finding the answer but did not portray their answer on their graph. Evelyn walked 
students through depicting a horizontal line, 𝑦 = 50000, on their graph and labeling the 
intersection point to illustrate the answer to the last question (see Figure B48). She also 




Figure B48. Completed labeling of the quiz problem. 
 
Evelyn then gave students time to complete a group quiz of exponential decay 
(see Figure B45) in a similar fashion as she illustrated for the above exponential growth 
situation. 
Task E17: Transformations 
 
After students finished the group quiz, they moved on to investigating 
transformations of exponential functions using computers. No whole class instruction 











DESCRIPTION OF GABE’S INSTRUCTION   
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Day 1 of Gabe’s Instruction 
The first observation contained approximately 27 minutes of instruction around 
linear and quadratic functions followed by approximately 20 minutes of instruction 
around exponential functions. Whole class instruction occurred for three tasks, but only 
the first two tasks had discussion prolonged enough to analyze using VTL. The first task 
involved noticing patterns within three tables of values in order to fill in missing values 
and write equations. The second task was a presentation of three forms of exponential 
functions while the third task was a quick display of the compound interest formula. 
Task G1: Writing Exponential Equations Overview 
 
Instruction around exponential functions in Gabe’s classroom began with a task to 
fill in missing values and write equations for three tables of values corresponding to 𝑦5, 
𝑦6, and 𝑦7 (see Figure C1). Gabe gave students time to work in groups or individually 
and then pulled the class together for whole class discussion of the missing values for 𝑦5 
and the equation. Students were then given more time to write the equations for 𝑦6 and 𝑦7 
before coming back as a whole class to discuss.  
 
 





Task G1: Writing Exponential Equations Description of Instruction 
 
After students worked in groups or individually on the task, Gabe began whole 
class instruction with 𝑦5. Gabe asked students what was happening in the 𝑦5 column and 
as a class they determined the values are doubling, or multiplying by two, going down the 
column and dividing by two going up the column. Gabe filled in the missing values for 
𝑦5 (see Figure C2).  
 
 
Figure C2. Completing table for 𝑦5. 
 
Gabe shifted attention from the tabular values for 𝑦5 to writing an equation. He 
asked students for the 𝑦-intercept, which several reported as a value of 1. Gabe 
confirmed the 1 because it was “the value at zero” and began formulating an equation 
using that information (e.g. wrote 𝑦 = 1). Gabe asked students what was being multiplied 
each time and in doing so refocused attention on how the y-values are changing. Gabe 
described a process for obtaining a y-value of 16 from the initial y-value of 1 as 
repeatedly multiplying 1 by 2. He wrote 1(2)(2)(2)(2). The class established that 
1(2)(2)(2)(2) was equivalent to 1(2)4. Gabe completed the written equation as 𝑦 =
1(2)𝑥 (see Figure C3) and mentioned that the 2 came from what we were multiplying by 




Figure C3. Establishing the equation for 𝑦5. 
 
Gabe mentioned that most students have successfully filled in the missing values 
for 𝑦6 and 𝑦7 and allowed students a couple minutes to formulate the corresponding 
equations.  
Gabe pulled the class back together and focuses attention on the y-values of 𝑦6 by 
asking students for the missing values in the table and how they obtained them. Students 
reported they got the value of 2 below the 6 by dividing by three, and the value of 1458 








Gabe shifted attention to writing an equation for 𝑦6 and instructed students to use 
the same form as they did for 𝑦5. The class then proceeded to identify the y-intercept for 
𝑦6 as 162, which Gabe used to begin writing the equation for 𝑦6. Gabe then explained 
that the form for 𝑦5 requires the value in the parenthesis to be “what you’re multiplying 
by each time because that’s what the exponent represents, a series of multiplications.” 
Gabe referenced the students’ previous assertion that the values going down the table are 
dividing by 3 and equates dividing by 3 to multiplying by 
1
3
. Gabe finished writing the 





 (see Figure C5). 
 
 
Figure C5. Equation for y6.  
 
Before dealing explicitly with 𝑦7, Gabe shifted attention back to 𝑦5 and asked 
students “how did you know you were multiplying by 2?” A student volunteered that they 
took 16 and divided by 8 to get a value of 2. Gabe confirmed that method and also takes 4 
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divided by 2 to again obtain the multiplicative factor of 2. Gabe summarized this method 
as “you can take a number and divide by the one before. It doesn't matter which numbers 
you choose.” Picking the y-values of 2 and 6 from 𝑦6, Gabe again showed that dividing 
those two numbers gives the multiplicative factor of 
1
3
 for 𝑦6.  
Moving to the 𝑦-values for 𝑦7, Gabe told students to “pick the easiest two 
numbers in a row” and circled the y-values of 1100 and 1000 and asked students to 
figure out 1100 divided by 1000, which they said was 1.1. Gabe then proceeded to ask 
students for the y-intercept, which they reported as 1000. Gabe used that information to 
begin writing the equation for 𝑦7. Gabe then completes the equation as 𝑦 = 1000(1.1)
𝑥 
(see Figure C6) because what they are multiplying by each time was 1.1. 
 
 
Figure C6. Equation and inscriptions for writing 𝑦7. 
 
Gabe then instructed students in two ways of obtaining the missing tabular values. 
One way was to plug the equation into the calculator and pull up the table of values. The 
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other way was to put 1000 into the calculator and hit enter, then press times by 1.1 and 
repeatedly hit enter. Gabe used the second method to obtain the missing, bottom 𝑦-value 
of 1464.1 and then documented it in the table. Gabe then put the equation 𝑦 =
1000(1.1)𝑥 into his calculator and opens the tabular view to obtain the remaining 
missing y-values at the top of the table (see Figure C7). 
 
 
Figure C7. Filling in tabular values for y7. 
 
After filling in the table of values for 𝑦7, Gabe told students that 𝑦7 could be 
contextualized as starting with one-thousand dollars and getting ten percent interest each 
year. He then explained how to obtain the y-values for 𝑦7 within this context by finding 
10% of $1000 gives $1100 after one year. Then, 10% of $1100 is $110 and adding that 
gives $1210. Finding 10% of $1210 gives $121, which you then add to $1210 to get the 
next value. Gabe concluded this task by telling students that they will be using 
exponential functions a lot for financial equations. 
Task G2: Three Forms of Exponential Functions Overview 
 
Gabe presented what he called three different forms of exponential functions (see 
Figure C8). Gabe started by defining the parameters for 𝑦 = 𝑎𝑏𝑥 and then moved to 
describe some of the parameters for the other two equations. Gabe used 𝑦5 and 𝑦6 to 
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describe the value of 𝑟 in 𝑦 = 𝑎𝑟𝑡 for exponential growth and exponential decay and 𝑦7 
to discuss why 𝑦 = 𝑎(1 + 𝑟)𝑡 was a useful form. The majority of the instruction for this 
task was Gabe telling students information. 
 
Figure C8. Three different exponential functions. 
 
 
Task G2: Three Forms of Exponential Functions Description of Instruction 
 
Gabe changed slides to project “a few different forms” of exponential functions 
(see Figure C8). Gabe highlighted that 𝑦 = 𝑎𝑏𝑥 was the most common form that books 
use. He defined 𝑎 as the y-intercept, the value at zero, or the ariginal and documented 
those meanings on the board. Gabe verbally defined the 𝑏-value as what we are 
multiplying by each time but wrote rate multiplied on the board (see Figure C9). Gabe 
then mentioned that the exponent was the number of times you’re doing it, presumably 
meaning the number of times you’re multiplying by 𝑏. Gabe did not document a 
definition for 𝑥 on the board. 
 
 




After telling students the meaning of 𝑥 in the equation 𝑦 = 𝑎𝑏𝑥, Gabe points to 
the 𝑡 in the equation 𝑦 = 𝑎𝑟𝑡 and said “a lot of times they use 𝑡 in the equations” because 
“the exponent was going to represent time.”  Gabe then points to the 𝑟 in the equation 
𝑦 = 𝑎𝑟𝑡 and stated that 𝑟 was the rate. Switching back to the previous slide with Task 
G1: Writing Exponential Equations, Gabe points to the 2 in the equation for 𝑦5 which 
was 𝑦 = 1(2)𝑥 and said that “if r was bigger than 1 <points to the 2 in 𝑦 = 1(2)𝑥> then 




the equation for 𝑦6 and said that “if [𝑟] was less than one it’s going to be decreasing, or 
exponential decay.”  
Gabe then changed back to the slide containing the three forms of exponential 
functions and points to the form 𝑦 = 𝑎(1 + 𝑟)𝑡. Referring to the (1 + 𝑟), he verbally 
connects the 1 to starting at 100% and the 𝑟 to adding the rate as a decimal. He then 
describes the corresponding component of 𝑦7 as “start[ing] at 100 percent plus the 10 
percent, was why it was 1.1 in the problem.”  
Task G3: Compound Interest Formula Introduction Overview 
 
With 30 seconds left in class, Gabe changed slides to project the compound 
interest formula (see Figure C10). He verbally defined 𝐴, 𝑃, 𝑛, and 𝑡 but did not define 𝑟.  
 
 
Figure C10. Compound interest formula. 
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Task G3: Compound Interest Formula Introduction Description of Instruction 
 
After describing the three forms of exponential functions, Gabe changed slides to 
introduce the compound interest formula. He verbally describes 𝐴 as the final amount and 
𝑃 as the principal or final amount. Gabe mentioned that the only difference was that 𝑛 
was the number of times a year and documented that on the board (Figure C11). He then 
said that 𝑡 was “still gonna be time in years.”  
 
 
Figure C11. Defining 𝑛 in the compound interest formula. 
 
Day 2 of Gabe’s Instruction 
The second observation was approximately an hour and forty minutes long. Class 
began with a warm-up requiring students to generate a table of values and sketch a graph 
given an exponential function of the form 𝑦 = 𝑎𝑏𝑥, develop an equation given a table of 
values or a graph, and to solve for 𝑥 with equations of the form 𝑐1 = 𝑐2𝑥
𝑛 where 𝑐𝑖 and 𝑛 
are whole numbers. The warm-up was Task G4, Task G5, and Task G6. Gabe then has 
students worked on various contextual problems involving college tuition growth (Task 
G7), house value (Task G8), car depreciation (Task G9), national debt (Task G10), 
population depreciation and wedding costs (Task G11), and compound interest (Task 
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G12). During instruction, Gabe takes time to inform students about real world 
connections to the tuition growth, car depreciation, and national debt problems. 
Task G4: Filling in Tables and Graphing Overview 
 
Gabe posts the warm-up on the SmartBoard (see Figure C12). He draws attention 
to the equation 𝑦 = 𝑎𝑏𝑥 and the definitions of the parameters. Gabe then gave students 
instructions on what they need to do: make a table and a graph for both the top equations 
and then write the equations for the bottom table and graphs. Students then worked 
individually and in groups to complete the warm-up. 
 
 
Figure C12. Task G4 (top row) and Task G5 (bottom row). 
 
Task G4: Filling in Tables and Graphing Description of Instruction 
 
Before letting students work on the warm-up, Gabe guides students through 
completing the table for the first equation, 𝑦 = 2(3)𝑥. He starts by asking students for the 
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𝑦-intercept, to which they responded 2, and where that 2 should go in the table to which 
they responded, “at zero.” After writing 2 in the table for the 𝑦-value when 𝑥 was zero, 
Gabe asked students what the 3 in the equation 𝑦 = 2(3)𝑥 represents. He confirmed that 
the 3 was “what you multiply by” and then asked students to give him the 𝑦-values going 
down the table one at a time. Once the 𝑦-values below the 𝑦-intercept are filled in, Gabe 
shifted attention to finding the y-values above the 𝑦-intercept. Students interject that 
moving up the table requires dividing by 3 and the class used this method to move up the 
table one 𝑦-value at a time while Gabe recorded the values in the table (see Figure C13).  
 
 
Figure C13. Filled in table for first problem in Task G4. 
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Students worked in groups or individually while Gabe walked around the room to 
answer questions and check student work on the warm-up. After approximately 8 
minutes, Gabe silently plots the points in the table for 𝑦 = 2(3)𝑥 and connects those 
points to make a graph (see Figure C14). He then initiates whole-class instruction around 




Figure C14. Finished first problem in Task G4. 
 
To pull the class back to whole-class instruction, Gabe began asking students 
where the second equation, 𝑦 = 4(0.5)𝑥, was going to start. Students responded, “at 4” 
and Gabe confirmed by documenting 4 in the table for the 𝑦-value when 𝑥 was zero. 
Gabe then points to the 0.5 in the equation and told students they are going to halve each 




Figure C15. Filling in table for second problem in Task G4. 
 
To fill in the 𝑦-values above the 𝑦-intercept, Gabe compares two student methods 
he saw during work time: dividing by 0.5 and multiplying by 2. He told students that 
those two methods represent the same thing because “dividing by a fraction was the same 
as multiplying by the reciprocal” and fills in the table (see Figure C16). 
 
 
Figure C16. Completed table for second problem in Task G4. 
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After Gabe plots the points listed in the table and connects the points (see Figure 
C17), he asked students whether the graph will ever hit zero, and they responded no. He 
agreed and then gave the reasoning that “if you keep taking half, [the graph’s] never 
going to hit zero, it's never going to go negative.” 
 
 
Figure C17. Completed table and graph for second problem in Task G4. 
 
Gabe defined the first graph for 𝑦 = 2(3)𝑥 to be exponential growth while the 
second graph for 𝑦 = 4(0.5)𝑥 was exponential decay. 
Task G5: Writing Equations from Tables and Graphs Overview 
 
Moving to the second row of tasks in Figure C12, Gabe referenced the equation 
𝑦 = 𝑎𝑏𝑥 the meaning of the 𝑎 parameter as the value at zero, or the 𝑦-intercept. He then 
asked students what the 𝑦-intercept was in the bottom left table; they responded 5. Gabe 
then asked “what are we multiplying by each time” to which students responded 2. Gabe 
used this information to construct the equation 𝑦 = 5(2)𝑥 (see Figure C18) and declared 




Figure C18. Equation for first problem in Task G5. 
 
Task G5: Writing Equations from Tables and Graphs Description of Instruction 
 
Moving to the middle graph in Figure C12, Gabe again asked students first for the 
𝑦-intercept followed by what was being multiplied each time and wrote the equation 𝑦 =
2(2)𝑥 based on student responses. He then asked students whether anyone got anything 
else. When no one responded, Gabe asked students to look carefully at the equation to see 
if there are mistakes. A student points out that when 𝑥 was 2, the 𝑦-value of the graph 
was not 8. Gabe agreed and told students because the graph was wrong to the right of the 
𝑦-axis, it was wrong to the left of the 𝑦-axis because it should be going to zero. He asked 
students what the graph of 𝑦 = 2(2)𝑥 should look like and draws a new graph over the 
original (see Figure C19). He told students to keep the equation the way they had it, but 




Figure C19. Equation for middle graph in Task G5. 
 
For the last graph, Gabe again has students tell him the 𝑦-intercept and what they 
are multiplying by each time to get the equation 𝑦 = 1(0.5)𝑥 (see Figure C20). Gabe also 
confirmed that the graph was going down to zero, which means the graph was correct. 
 
 




Task G6: Solving Equations for 𝒙 Overview 
 
After completing the warm-up portion depicted in Figure C12, Gabe changed 
slides to show equations in which students must solve for 𝑥 (see Figure C21). Gabe notes 
that several students did not see that there were additional problems and so he solves the 
first equation as a class and then gave students time to work on the other two before 
going over the solutions during whole class instruction. 
 
 
Figure C21. Task G6: Solving equations for 𝑥. 
 
Task G6: Solving Equations for 𝒙 Description of Instruction 
 
Gabe led a discussion around solving the first problem 300 = 3𝑥2 for 𝑥. He 
asked students “what are you gonna do first to solve it” and follows their direction by 
dividing both sides by 3 to get 100 = 𝑥2. Gabe then asked students for the value of 𝑥, 
and when students responded 10, Gabe asked “what does 𝑥 equal” twice until a student 
said “plus or minus 10.” After Gabe documented the solution and method on the board 
(Figure C22), he clarified that for the problems they will be doing related to exponential 
functions, the base, or 𝑥 value, will always be positive. Students then worked to solve the 




Figure C22. Solving the first equation in Task G6. 
 
After two minutes of worktime, Gabe calls student attention to the equation 
8192 = 𝑥13 and the fact that most students got an answer of 𝑥 = 2 by taking the 13th root 




 on the board (see Figure C23). Once 
Gabe has evaluated √8192
13
 in the calculator on the board, a student asked whether the 
solution of 𝑥 = 2 must have a plus or minus. Gabe explained that the answer should be 
just 𝑥 = 2 because if the 2 were negative the 8192 would need to be negative. Gabe 
expands on this response by saying “if it has an even exponent then you have to worry 




Figure C23. Solving the second equation in Task G6. 
 
Gabe moved to solving the last equation 210 = 85𝑥4. He asked students to guide 
him through solving and follows their suggestions to first divide by 85 to get 2.47 and 
then take the fourth root. Gabe then told students that instead of using their calculator to 
find √2.47
4
, they should take (2.47)
1
4 in their calculator which was the same thing. Gabe 
documented this solution method on the board (see Figure C24). The result was then 𝑥 =
1.25 which should be plus or minus.  
 
 
Figure C24. Solving the last equation in Task G6. 
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Task G7: Tuition Task Overview 
 
Gabe began this task by reading the initial context (see Figure C25). Before 
asking students to engage in the problem, Gabe pulled up several pages on UNC’s 
website related to tuition costs and explained different aspects of the costs to students. 
After approximately 10 minutes, Gabe led the class in solving each of the task’s subparts 
with intermittent student work time. 
 
 
Figure C25. Task G7: Tuition task. 
 
Task G7: Tuition Task Description of Instruction 
 
Gabe starts instruction for part a of the Tuition Task, by putting the equation 𝑦 =
𝑎𝑏𝑥 on the board. He then told students for financial stuff we should use 𝑦 = 𝑎𝑟𝑡 where 
𝑎 was the “a”riginal, 𝑟 was the rate, and 𝑡 was time. Gabe then asked students to tell him 
the “a”riginal in this problem, to which they responded 3837, and Gabe documented this 
number on the board. Next, Gabe told students that the rate was what they are trying to 
find while writing 𝑟 in parenthesis next to the 3837. He then asked students for the time, 
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or the exponent, and documented their response of 10 in the exponent. Finally, Gabe 
asked students for the final amount, which they responded as 7733 and he documented to 
finalize the equation as 7733 = 3837𝑟10. Gabe told students to solve the equation for 𝑟 
just like they did on the warm-up. While evaluating 
7733
3837
 to get 2.015 in his calculator 
and writing 2.015 = 𝑟10 under the original equation (see Figure C26), students worked to 
solve part a. Once Gabe has written the equation 2.015 = 𝑟10 on the board, he asked 




his students suggested and evaluated to get 𝑟 = 1.07259. 
 
 
Figure C26. Solving for 𝑟 in Task G7. 
 
After documenting the 𝑟-value on the board, Gabe began discussion around 
finding the average annual rate of increase by asking students “what percent was [tuition] 
going up each year, on average?” A couple students responded by with 1.07, and Gabe 
asked if anyone disagrees. No one responded, but Gabe raises his hand to display 
disagreement and said “I'm the only one with my hand up? What should it be?” Students 
within the class suggested doing plus or minus, and then a student said, “point zero 
seven.” Gabe declared that the second comment was close and asked students to say what 
. 07 was as a percent and confirmed that the tuition costs are going up by 7% per year. 
Gabe went on to explain that if 𝑟 were 1 the equation was not going to change - the 1 was 
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not 1%, rather the 1 means the tuition does not change. He continued by explaining that 
the 1 represents 100% so the 1.07259 was really 107.259% and getting rid of the original 
100 percent means the tuition increases by 7.259 percent (see Figure C27).  
 
 
Figure C27. Finding the average annual increase. 
 
Gabe briefly lectures that books will often write the equation like 𝑦 = 𝑎(1 + 𝑟)𝑡 
because the 𝑏 in the equation 𝑦 = 𝑎𝑏𝑥 simply represents what you multiply by each time 
rather than how much the value was going up by. 
Moving on to part b of the task, Gabe shows students one way to do the problem, 
which he claims was not necessarily the easiest way. Gabe starts by writing 
3837(1.07259) and asked students how much time would be between 2005 and 2017 
and then scribed 12 in the exponent. Gabe used his calculator to evaluate 
3837(1.07259)12  and get 8896, which he wrote on the board. To find the next year, 
Gabe told students the only thing they have to change in the expression 
3837(1.07259)12 was the exponent and then wrote down the next expression of 
3837(1.07259)13 and evaluated using his calculator. Gabe again emphasized that if they 
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use the same equation, they only have to change the exponent to get the remaining tuition 
values. Gabe used his calculator to find those values and documented them on the board 




Figure C28. Solution to part b of Task G7. 
 
After a brief break for students to finish part b, Gabe asked a single student about 
part c. Specifically, Gabe asked the student “what's the only thing you'd have to change in 
[3837(1.07259)12]?” to which she responded “the exponent.” The student vocalizes an 
exponent value of 44 and Gabe scribed 3837(1.07259)44. Gabe asked for the evaluated 
value of  3837(1.07259)44 and the student responded with 83767 which Gabe wrote on 
the board (see Figure C29). 
 
 
Figure C29. Solution to part c of Task G7. 
 
For part d of the problem, Gabe began conversation by asking students “what's 
the only thing you have to change in the problem to find out what it was from 1979?” to 
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which they responded, “the exponent.” Gabe asked for the exponent and emphasized that 
the exponent was going to be negative. He then wrote the expression 3837(1.07259)−26 
on the board and told students that the 26 represents the number of years ago from 2005, 
not from today, that he went to college. Gabe asked students for the evaluated value and 
wrote the provided solution on the board (see Figure C30). 
 
 
Figure C30. Solution to part d of Task G7. 
 
Task G8: House and Condo Overview 
 
Gabe read the task aloud and then gave students approximately two minutes to 
work individually or in groups on the task. Gabe then led discussion and documented 
solutions for part a and for the first portion of part b. He asked students to finish the 
remaining portions and did not discuss them as a class (see Figure C31). 
 
 
Figure C31. Task G8: House and condo. 
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Task G8: House and Condo Description of Instruction 
 
Gabe launched the task by reading the context and part a aloud. He then wrote 
𝑦 = 𝑎𝑟𝑡 on the board (see Figure C32) under part a and walked away from the front of 
the room. Students worked on the problem while Gabe checked their solutions. 
 
 
Figure C32. Presenting equation y = art for Task G8. 
 
After walking around and checking student solutions, Gabe brings student 
attention to the board by asking students what values to plug in for 𝑦, or the final amount. 
Gabe documented the student response of 194, fills in the ariginal value, wrote 𝑟, asked 
students what to put in for time, and recorded their response of 15 (see Figure C33) to get 
194500 = 129600𝑟15. Pulling up his calculator, Gabe asked students what to do for the 
next step, and followed their instructions to divide 194500 by 129600 and wrote 1.5 =
𝑟15 on the board (Figure C33). Gabe then asked students for the next step and recorded 







15 into his calculator. After silently recording 𝑟 = 1.027 on the board, Gabe 
asked students for the annual rate of growth. Students replied 2.7%. Gabe confirmed the 
student response by writing 2.7% growth on the board and then explained that the 2.7% 
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Figure C33. Solution to part a of Task G8. 
 
After completing part a as a class, a student asked “Now, when you say 15 years, 
you mean 15 years from 2015”? Gabe initially responded by pointing to the 15 in the 
exponent of the equation 194500 = 129600𝑟15 and explaining that the 15 was “from 
your original to your final”, meaning the original value of 129600 in 2000 to the final 
value of 194500 in 2015. The student then clarified their question was in relation to part b 
and asked whether “the equation should be to the 30th?” Gabe responded by setting up the 
equation 𝑦 = 129600(1.027) and asking students what the exponent should be. One 
student responded “30” while another student asked “are we doing it from 2017?.” Gabe 
declared that he would have accepted either answer but clarified that the way the question 
was written asked students to find the value 15 years from now, in 2017. As a class, they 
decided the year would be 2032 and the exponent would be 32 because the starting year 
was 2000. Gabe wrote 32 in the exponent to get the equation 𝑦 = 129600(1.027)32 but 
did not evaluate to find 𝑦 (see Figure C34). To conclude the discussion about part b, 
Gabe reminded students that to finish part b, the only change they make was to the 




Figure C34. Solution to part b of Task G8. 
 
Task G9: Honda Task Overview 
 
Students worked individually or in groups before Gabe went over Task G9: 
Honda Civic as a class (see Figure C35). Gabe conducted whole-class instruction by 
defining the word depreciation, setting up the equation for and solving part a, and then 
using the same core equation to solve for part b. After the parts of the task have solutions, 
Gabe opened a website depicting the cars that depreciate the least and discussed how the 
students could use that information when negotiating for a loan. 
 
 
Figure C35. Task G9: Honda task. 
 
Task G9: Honda Task Description of Instruction 
 
Addressing the whole-class, Gabe defined the word depreciating to mean “going 
down”, read the context of the Honda Task, and then wrote the equation 𝑦 = 𝑎𝑟𝑡. Gabe 
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asked students where the 1400 goes in the equation and after a response from students, 
Gabe stated that they want to find the value, which was 𝑦, and scribed 𝑦 = 1400(    ). 
Gabe then said, “big question was, what do you use for the rate?” A student responded 
“you do 100 minus 16.5” and Gabe confirmed this answer. Gabe clarified that to find the 
rate you always start with 100%. Since it was going down 16.5%, you subtract to get 
83.5%, which meant the car was keeping 83.5% of its value. To put 83.5% into the 
equation you write 0.835 in the parenthesis. Pointing to the 0.835 in the equation 𝑦 =
1400(0.835), Gabe reminded students that when the value in the parenthesis was 
between zero and one its exponential decay; when it’s greater than one it’s exponential 
growth. Since the context said “depreciating” the number should be between zero and 
one. Finally, Gabe asked students for the exponent value, which was 10. Gabe 
documented the final equation on the board (see Figure C36) and then used his calculator 
to find a value of $230. 
 
 
Figure C36. Solution to part a of Task G9. 
 
Gabe moved the class discussion to part b. He pointed out that they are still using 
the above information. Gabe then asked students “what’s the only thing you have to 
change” to find the value of the car when it’s new. The students responded, “the 
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exponent”, which Gabe confirmed as he copies down 1400(0.835) for part b. Gabe 
pointed out that the $1400 was in 2017 and we wanted the value back in 1998. He then 
asked students for the exponent value, which they reported as −19. Gabe wrote −19 in 




Figure C37. Solution to part b of Task G9. 
 
Task G10: Ben Franklin Overview 
 
Gabe read the task context (see Figure C38) and told students to plug in the 
information to find the balance. After students worked for a couple minutes, Gabe led the 
class in finding the balance. He then pulled up a website on the various national debts. To 
conclude instruction on this task, Gabe pointed out that small differences in the interest 





Figure C38. Task G10: Ben Franklin. 
 
Task G10: Ben Franklin Description of Instruction 
 
Gabe began instruction of the Ben Franklin Task by reading aloud the context. He 
reminded students that they should use the “same equation” and asked them to find the 
balance on the credit card by plugging in the information. 
After walking around to check student answers, Gabe wrote 𝑦 = 0.01(      )240.638 
on the board. He announced that the only mistake he saw students making was in the 
value for the rate. Pointing to the 15.7666% in the problem, Gabe reminded students they 
started with 100% which means the rate they are multiplying by should be 1.157666. 
Gabe filled in the parenthesis with 1.157666 to get 𝑦 = 0.01(1.157666)240.638 and then 
continued walking around the classroom to check students’ solutions. 
Coming back together as a class, Gabe asked a student to supply the answer 
obtained from their calculator and documented it on the board (see Figure C39). Gabe 
stated that the E 13 did not mean an error but was rather scientific notation and to find the 
answer, move the decimal over 13 times. Gabe has students read the number aloud and 




Figure C39. Solution to Task G10: Ben Franklin. 
 
After showing students information on the national debt, Gabe returns to the 
written answer and verbally highlighted that a small change in rate, like dropping two 
sixes off the rate, will make a huge difference in the long term.  
Task G11: Wedding and Detroit  
 
Gabe read the context for the Wedding Task (pictured left in Figure C40) 
followed by the Detroit Population Task (pictured right in Figure C40). Gabe did not 
solve either of the problems as a class, but he did point out that for the Detroit Population 
Task, the rate was depreciating, which means the 𝑟 value should be less than one. 





Task G12: Compound Interest Overview 
 
With seven minutes left in class, Gabe began instruction about compound interest 
using the context of $1000 invested at 8% for five years (see Figure C41). He discussed 
simple interest, yearly interest, and compounded interest. Gabe displays expressions for 
compounding interest yearly, quarterly, monthly, and daily using the given context. 
 
 
Figure C41. Task G12: Compound interest. 
 
Task G12: Compound Interest Description of Instruction 
 
Gabe began instruction about compound interest by telling students that “for 
compound interest, you get interest on interest.” He explained that interest used to be 
calculated using simple interest by multiplying all the components together – “a thousand 
times 8 percent times 5” – and then they moved to calculating interest every year which 
 
Figure B40. Task G11: Wedding and Detroit task. 
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used the equation 𝐴 = 𝑃𝑟𝑡 where the 𝑃 represents the principal, or original, amount 
which was like the 𝑎 from before in the 𝑦 = 𝑎𝑏𝑥. Underneath the equation 𝐴 = 𝑃𝑟𝑡, 
Gabe wrote out the equation for finding yearly compounding as 1000(1.08)5), 
explaining that the 1.08 comes from the 100% plus the 8%. Gabe then told students this 
was like the one of the forms he gave them yesterday, 𝑎(1 + 𝑟)𝑡, where the (1 + 𝑟) was 
“the same thing we're doing” because we add the rate when the value was going up, or 
appreciating, and you subtract the rate when the value was going down, or depreciating. 
Gabe then calculated the value for yearly compounding and documented it on the board 
(see Figure C42).   
 
 
Figure C42. Interest compounded yearly. 
 
Gabe then draws student attention to the amount of interest the yearly 
compounding made, which was $469. He then seeks to compare the $469 to the amount 
of interest an account accruing simple interest would make, so he verbally explained that 
the simple interest would be one-thousand times 0.08 times 5, which was $400. He ends 




Gabe then discussed quarterly interest as giving the consumer 2% four times a 
year, which was achieved by taking the 8% and dividing it by four. Pointing to the 𝑛 in 





, Gabe explained that the 𝑛 was the number of 
compounds in one year, which was why “they” take the 8% and divide by 4. He then 
explained that the exponent was now 𝑛 times 𝑡 because they are calculating the interest 
20 times per year. After this verbal explanation, Gabe sets up the equation for quarterly 
compounding given the aforementioned context of $1000 at a rate of 8% for 5 years, and 
calculated the balance to be 1486 (see Figure C43). He then pointed out that “you're 
making an extra 16 dollars.” 
 
 
Figure C43. Interest compounded quarterly. 
 
Gabe moved on to monthly and daily compounding. He asked, “if you do it 
monthly, what changed in the equation?” Students responded “the 𝑛.” Gabe then 






calculated and recorded the balance as 1490. Next, he wrote the compounding formula 





 and calculated and recorded the balance 
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as 1492. Gabe highlighted that the daily compounding computes the interest a lot more 
often but only gives a couple dollars more. 
Day 3 of Gabe’s Instruction 
Observation 3 was approximately 50 minutes long. Instruction began with a 
warm-up problem (Task G13) during which the class revisits and practices utilizing the 
equation 𝑦 = 𝑎𝑟𝑡 to answer questions given an appropriate context. After the warm-up, 
Gabe conducts a quick overview of the Rule of 72 (Task G14). Next, the class used the 
compound interest formula to first answer questions about a Tom’s loan (Task G15) 
followed by a situation meant to simulate limiting to the number 𝑒 (Task G16). For the 
last few minutes of instruction, the class used the “Pert” equation to answer a problem 
about continuous compounding (Task G17). 
Task G13: Colorado Population Overview 
 
Class starts with announcements and general housekeeping. A problem about 
Colorado’s population (see Figure C44) was on the board and students are expected to 
work on the task. Approximately four minutes into class, Gabe read the problem aloud 
through part a and then walked around and looks at student work. Seven minutes into 
class, Gabe began instruction to answer each of the three parts. Instruction to answer the 
parts of the problem was led by Gabe with students offering short answers to questions 




Figure C44. Task G13: Colorado population. 
 
Task G13: Colorado Population Description of Instruction 
 
Gabe began whole class instruction by mentioning that students had different 
equations. He solicits an equation from two different students. The first student reports 
the equation: 5.356 = 868𝑟99, while the second student reports: 5256000 =
868000𝑟99. Once both equations are written on the board, Gabe asked the first student 
“what in the problem would tell you to write [the equation] like [5.356 = 868𝑟99]?” 
When the student did not answer, Gabe told the class that the problem stipulates that 𝑦 
was the population in thousands, which was why the equation has the value 868 in it. At 
this point, Gabe realizes that the decimal in 5.356 should not be there and replaces the 
decimal with a comma. Gabe emphasized that either equation 5,356 = 868𝑟99 or 
5256000 = 868000𝑟99 could be used to solve the problem since the first step one would 
use to solve 5256000 = 868000𝑟99 for 𝑟 would be to divide, which would get rid of the 
zeros. Gabe then stipulates that to get full credit for the problem, students would need to 
write the answer as 5,356 = 868𝑟99. 
Working with the equation 5,356 = 868𝑟99, Gabe divides 5,356 by 868 using 
his calculator and wrote 6.17 = 𝑟99 on the board. He asked students for the next step and 
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he follows their direction of taking both sides to the 
1
99
 power. Using his calculator to 
evaluate 6.17
1
99, Gabe wrote 1.01855 = 𝑟 on the board (see Figure C45). 
 
 
Figure C45. Solving for 𝑟 in Task G13. 
 
Once the 𝑟 value was written on the board, Gabe re-emphasized that either way of 
solving the problem (referring to the two ways to set up the equations) students should 
have gotten the same 𝑟 value. Gabe then explained that since part a wants the equation 
where the population was in thousands the equation should be 𝑦 = 868(1.01855)𝑡. 
Moving to part b, Gabe asked students for the average annual rate of increase, or 
what percent the population was going up by each year. Students responded, “one point 
eight percent” and Gabe repeated the answer, pointed to the 1 out front of 1.01855, and 
reminded students that the 1 represents one-hundred percent, which means there’s no 
change. Gabe explained that you must “move the decimal two places to make it a 
percent.” He then rounds the value and wrote 1.9% on the board for part b. 
Gabe transitions to part c, and told students they will be using the equation from 
part a. He asked students what the exponent will be, and students responded “One-
hundred thirty-five.” Gabe accepts that answer and justifies it by saying “cause we’re 
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going from 1915 to 2050.” He changed the exponent to 135, calculated the value as 
10378, and wrote that value on the board. After calculating, Gabe directs attention to the 
fact that the population value would change to 10380.77 if the 𝑟 value was not rounded 
to 1.01855. Gabe told students the rounding made a difference of two-thousand, and 
makes the point to try never to round with exponential functions since “a little bit of 
difference in the rounding can make a huge difference in the answer.” 
Task G14: Rule of 72 Overview 
 
After solving each of the parts of Task 13: Colorado Population, Gabe detours to 
discussing the rule of 72. Gabe told his students about the Rule of 72 and calculated the 
approximate doubling time for multiple situations.  
Task G14: Rule of 72 Description of Instruction 
 
 Gabe explained that “the Rule of 72 was a rule of thumb you can use to estimate 
about how long it takes something to double. All you do was take 72 and divide it by the 
interest rate.” Gabe then proceeded to use the Rule of 72 to estimate how long the 
population of Colorado would take to double (72 ÷ 2 = 36 years), how long tuition 
would take to double (72 ÷ 8 = 9 years), housing (72 ÷ 6 = 12 years), and inflation 
(72 ÷ 3 = 24 years). 
Task G15: Tom’s Loan Overview 
 
Gabe put Task G15: Tom’s Loan (see Figure C46) on the board and read the 
problem to students. He inserts small tidbits about filling out your FAFSA and what it 
means for a loan to be federally subsidized. Gabe began solving the task with part d and 
then moved back to go through parts a, b, and c. Gabe did most of the work to progress 




Figure C46. Task G15: Tom’s loan. 
 
Task G15: Tom’s Loan Description of Instruction 
 
Gabe began to solve Task G15 with part d. He explained that “simple interest was 
just principle times rate times time”, indicating the formula 𝐼 = 𝑃𝑅𝑇. Gabe plugged the 
principal value of 10000 in for 𝑃, 0.169 for 𝑅, and 5 for 𝑇. He explained that “we don’t 
add the one-hundred percent to [the 𝑟] in this formula… because that’s part of the 
original amount and we needed that if we’re gonna find the final amount” which they are 
not doing. Gabe also emphasized that the 5 was multiplied and not raised to the fifth. He 
wrote the expression 10000(0.169)(5) and calculated the interest of 8450. Gabe then 
asked students for the total owed amount, which was 18450, because Tom has to pay 
back the 10000 he borrowed; the 8450 was just the interest. 
Moving to part a, Gabe stated that “anytime money’s compounded, or a loan was 
going to be compounded, was going to cost you more.” Gabe then wrote 𝑦 = 𝑎𝑟𝑡 as the 
equation for part a since the problem was asking for compounded yearly. He briefly 
clarified that “you don't have to use the compounded formula if it's annual. Because our 𝑛 
was just going to be 1.” Writing down 1000(1. on the board, Gabe stated that for the 𝑦 =
𝑎𝑟𝑡 formula you must add the 1 because “we’re finding the total amount right away.” He 
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completes the expression to read 1000(1.169)5 and pointed out the exponent was 5; we 
are not multiplying by 5. Calculating the value of 21830 using his calculator, Gabe 
scribed the value off to the right and stated it was costing Tom “three thousand dollars 
just for them to compound it.” Gabe asked for questions but quickly moved on to part b. 
Instruction of part b began with Gabe telling students they have to use the 
compound interest formula written at the bottom of the task. He reminded students that 𝑛 
represents the number of times a year, which for daily compounding was 365. Gabe then 






. He evaluated the expression in his calculator and scribed 23275 
off to the right and pointed out that it was fourteen-hundred dollars more for calculating 
interest daily rather than once a year. 
For part c, Gabe pointed out that c was only different than b because of the three-
percent origination fee, which Gabe briefly explained to students. He then asked his 
students for three percent of 10000 and wrote the answer of 300. Gabe highlighted that 
the only difference between the expression for part b and the expression for part c was the 





 on the board. A 
student calculated the value of 23972 and Gabe pointed out that “even though it only 
added 300 dollars to your loan, you're paying 700 dollars more for it.” To wrap up the 
task, Gabe reiterates that any time something was compounded, “the more it’s 





Task G16: Developing 𝒆 Overview 
 
Instruction of Task G16: Developing 𝑒 takes approximately twenty minutes of 
class time and includes the problem in top left in Figure C47 below, discussions around 
two ways of finding 𝑒, a presentation of the history of Jacob Bernoulli (top right of 
Figure C47), and a divergent conversation about how to remember the number 𝑒 to 25 
places based on facts about president Andrew Jackson. This task was primarily lectured, 






Figure C47. Parts of Task G16. 
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Task G16: Developing 𝒆 Description of Instruction 
 
To introduce the number 𝑒, Gabe asked students to calculate the amount of money 
after one year an investment of $1 at 100% interest would accrue with larger and larger 𝑛 
values. To begin the task, Gabe solves the amount of money for the first 𝑛 value of 1 by 
telling students that the bank was giving you a dollar in interest plus your original dollar, 
which means that the amount at the end was $2. He then said that they have to use the 
compound interest formula for the remaining values of 𝑛. Gabe plugged the context 





 and then 





 (see Figure C48).  
 
 


















 was on the board, he assigns students each of the 
numbers on the left-hand side (except the last one which he did himself) and told them to 
use the given expression and input their assigned number for 𝑛. After a couple minutes, 
Gabe solicits the values from the students and documented all of them on the board (see 
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Figure C49). After each value was voiced and recorded, Gabe draws attention to the 
difference between the current value written and the previous value.  
 
 
Figure C49. Finding the result for several 𝑛 values. 
 
Once Gabe has recorded all the values, he moved his hand down the values and 
said “these numbers are getting closer and closer to a single number. So, they’re 
increasing, but it’s definitely slowing down.” Gabe then asked students “what do we call 
a line that our graph was approaching and doesn’t hit?” to which they responded 
“asymptote.” Gabe confirmed their response and declared that there will be an asymptote 
at the last value written in the table. 
Shifting from the conversation about an asymptote, Gabe asked students for the 
name of the number being approached, with no response. Gabe quickly follows up with 
comparing the name to pi and explaining that pi was the ratio of circumference to 
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diameter. He stated that the number they are after was used just as much as pi, and was 
given the symbol 𝑒, for Euler’s number, or the natural number. He declared that 𝑒 was 
more important than pi which means they should know the value to more digits. 
Specifically, they should know it to 16 places. 















= 𝑒 and explained that if you do the same thing 
but raise 𝑒 to the 𝑟, “it’s going to be the same value for this problem. Our rate just 
happened to have been 1, but we could change the rate to a different value and then it’s 
going to be 𝑒 to the 𝑟.” Gabe then stated that the equation they will be using was called 
the Pert equation and was 𝑦 = 𝑃𝑒𝑟𝑡, which he wrote on the board. After the equation was 
written, Gabe defined the 𝑃 as the principal, 𝑒 was the number from the calculator, 𝑟 was 
the rate, and 𝑡 was time. The 𝑟 value did not need “the one point whatever; you don’t 
start at 100%”, and you take rate and multiply by the time. After these definitions Gabe 
declared Pert an “easy equation to use.” 
Following the presentation of 𝑦 = 𝑃𝑒𝑟𝑡, Gabe presents on Jacob Bernoulli, and 




𝑛=0  . This was followed by a way to 
remember 25 numbers beyond the decimal for the number 𝑒 and a history lesson about 
Andrew Jackson. 
Task G17: Using Pert Overview 
 
For the three minutes remaining in class, Gabe led the class in solving a 
compounded continuously problem (see Figure C50). He starts by telling students when 
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using Pert was appropriate and then plugged in the information from the context to solve. 
This portion of instruction was teacher led. 
 
 
Figure C50. Task G17: Using Pert. 
 
Task G17: Using Pert Description of Instruction 
 
Immediately after displaying the task, Gabe told students “for the Pert equation, 
the only time you have to worry about using it, was if it said compounded continuously 
or if it was dealing with something that’s gonna be compounded continuously, like 
bacteria… or if it’s radioactive decay.” He clarified that a problem may already give you 
an equation with an 𝑒 in it, but either way it’s “very easy to use.” 
After the short explanation of when to use the Pert equation, Gabe plugged the 
information from the context into the Pert equation. Pointing to the $10,000 in the 
problem, Gabe stated “that’s your original, that’s the P” while writing 10000 on the 
board. Gabe told students that the 𝑒, which he wrote next to the 10000, you just get from 
your calculator. While plugging in the rate of 0.0675 and time as 25 in the exponent, a 
student asked why the rate was not 1.0675. Gabe responded “no” and quickly explained 
that the 1 was already part of the derivation of 𝑒. Gabe then plugged the expression 
10000𝑒0.0675⋅25 into his calculator and got a value of 54059.  
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At the conclusion of the task, Gabe reiterates that the Pert equation was easy to 
use. However, you only use the 𝑒 when the problem said compounded continuously, 
deals with radioactive decay, or bacteria. 
 
